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We study the dynamics of entanglement of two electron spins in two quantum dots, in which each
electron is interacting with its nuclear spin environment. Focusing on the case of uncoupled dots,
and starting from either Bell or Werner states of two qubits, we calculate the decay of entanglement
due to the hyperfine interaction with the nuclei. We mostly focus on the regime of magnetic
fields in which the bath-induced electron spin flips play a role, for example their presence leads
to the appearance of entanglement sudden death at finite time for two qubits initialized in a Bell
state. For these fields the intrabath dipolar interactions and spatial inhomogeneity of hyperfine
couplings are irrelevant on the time scale of coherence (and entanglement) decay, and most of
the presented calculations are performed using the uniform-coupling approximation to the exact
hyperfine Hamiltonian. We provide a comprehensive overview of entanglement decay in this regime,
considering both free evolution of the qubits, and an echo protocol with simultaneous application of
pi pulses to the two spins. All the currently relevant for experiments bath states are considered: the
thermal state, narrowed states (characterized by diminished uncertainty of one of the components of
the Overhauser field) of two uncorrelated baths, and a correlated narrowed state with a well-defined
value of the z component of the Overhauser field interdot gradient. While we mostly use concurrence
to quantify the amount of entanglement in a mixed state of the two electron spins, we also show that
their entanglement dynamics can be reconstructed from measurements of the currently relevant for
experiments entanglement witnesses, and the fidelity of quantum teleportation performed using a
partially disentangled state as a resource.
I. INTRODUCTION
Qubits based on localized electronic spins in semicon-
ductors have been a subject of intense research during the
last 15 years. It is now possible to initialize, coherently
manipulate, and measure spin qubits based on gated
quantum dots (QDs),1 self-assembled QDs,2,3 nitrogen-
vacancy (NV) centers in diamond,4 and electrons bound
to phosphorous donors in silicon.5 Recently, advances in
controlling the coupling between two qubits6–13 have led
to demonstration of creation and manipulation of entan-
gled states of two electron spin-based qubits.14,15
Quantum states of a single qubit suffer decoher-
ence due to qubit’s interaction with its environment.16
In many cases the dominant source of decoherence of
semiconductor-based spin qubits is their coupling with
other spins localized in the material. We focus here on
the case in which this bath consists of spins of nuclei17–20
of the atoms forming the material in which the qubit is
localized, and the electron spin is coupled to the nuclei
by the contact hyperfine (hf) interaction. The dynamics
of a spin interacting with the nuclear bath is a theoretical
problem that is more challenging than many of the model
problems encountered in existing literature on entangle-
ment dynamics.21–23 The qubit–bath coupling is not nec-
essarily weak in experimentally most interesting parame-
ter regimes, the bath dynamics (caused both by the bath
self-Hamiltonian, and by the qubit–bath interactions) is
most often much slower than the timescale of qubit’s de-
coherence, and the bath evolution can be strongly influ-
enced by the presence and the dynamics of the qubit.
All these observations preclude the use of Born-Markov
approximation (i.e. the use of Lindblad equation with
time-independent coefficients). The decoherence of a sin-
gle qubit due to such an environment has been a sub-
ject of theoretical works employing a wide repertoire of
approaches.24–53 In experiments, many predicted key fea-
tures of nuclear-induced decoherence, such as the fast
decay of coherence of a freely evolving qubit6,54–57 or
oscillatory behavior of spin-echo signal in a QD with a
few distinct species of nuclei,58 were observed. The ex-
isting level of agreement between experiment and the-
ory allows us to assume that in the case of unstrained
III-V QDs (i.e. when the quadrupolar splittings45,59 of
nuclear spins due to spatially inhomogeneous strain are
negligible) the microscopic description of the system is
given by the Hamiltonian of contact hf coupling between
the qubit and the bath spins, with the dipolar intrabath
coupling26,29,31 playing a role only at long timescales.
A pure entangled state of two qubits cannot be writ-
ten as a tensor product of two pure single-qubit states,
it has to be a superposition of at least two such product
states.60 As such it is expected to be at least as fragile as
superpositions of single-qubit states when coupling with
the environment is considered. Initially maximally en-
tangled pure state evolves into a mixed, partially entan-
gled state,22,23 and the degree to which the state exhibits
non-classical features (e.g. breaking of Bell inequalities)
or to which it overperforms classically correlated states
at some tasks (such as quantum teleportation) is dimin-
ished. We are interested here in the dynamics of this
entanglement decay process for two spin qubits interact-
ing with nuclear baths.
2We consider two localized electron spins (denoted by
A and B) playing the role of qubits, each of which can
be coherently controlled and read out. The main ex-
ample here is the system of two electrons, each local-
ized in a separate QD. The spins can then be initial-
ized, controlled, and read out by either electrical1,12,13
or optical2,3 means, and the exchange interaction be-
tween spins in adjacent QDs, which was proposed years
ago as means of entangling them,61 can be controlled
by tuning the gate voltages. The entanglement between
distant QDs can be established by starting with an en-
tangled state involving two proximal qubits, and then
applying SWAP gates between consecutive pairs of dots
along a chain (note however that for long chains this
method might be susceptible to accumulation of gate er-
rors and to unwanted effects due to finite residual ex-
change couplings between neighboring dots). There are
also theoretical proposals of methods allowing for long-
range qubit–qubit coupling,62–64 and also for moving of
electrons along the chain of sites,65,66 which should allow
local creation of entanglement by nearest-neighbor ex-
change interaction to be followed by spatial separation of
electrons. Long-distance shuttling of electrons with sur-
face acoustic waves was recently achieved,67,68 showing
another way to obtain large spatial separation between
entangled qubits. Finally, distant non-interacting qubits
can be entangled in an entanglement swapping69 proto-
col, in which two-qubit measurements in the Bell basis
are used.
We focus on the case of III-V quantum dots, for which
the hf-induced decoherence is unavoidable (since there
are no nuclear spin-free isotopes of Ga, As, and In),
and the experiments are often done at moderate mag-
netic fields (say, B < 0.5 T in GaAs). In this work we
give a fairly detailed picture of entanglement dynamics
of two electrons located in two uncoupled (possibly dis-
tant) QDs of this kind. Since the ability of the nuclear
bath to cause electron spin flips is suppressed at finite
magnetic fields, in the large field limit the influence of
the bath amounts to pure dephasing, and calculation of
entanglement decay of Bell states of uncoupled qubits
becomes then a simple task involving only multiplying
the known formulas for decaying single-qubit coherences.
We focus thus on a more interesting (and experimen-
tally relevant for gated GaAs QDs) regime of moder-
ate magnetic fields, at which the electron-nuclear flip-
flops influence visibly the entanglement dynamics, and
the entanglement decay timescale is such that the effects
of intrabath dipolar interactions29–31 and the spatial in-
homogeneity of hf couplings can be neglected (see the
comparison between hf-only calculations38,39 and single
qubit Hahn echo experiments done in this field regime58).
We consider experimentally relevant states of the nu-
clear environments (thermal or narrowed, uncorrelated
and correlated), and calculate the dynamics of two-spin
entanglement both in the case of free evolution, and for
the case of the two-spin echo protocol (which was em-
ployed in two recent experiments14,15 in which entangle-
ment of spin-based qubits was demonstrated). As the
initial states of the two electron spins we take the fam-
ily of Bell-diagonal states, including the pure Bell states
and the Werner state. We discuss the decay entangle-
ment in all these cases using concurrence70 as means of
quantification of amount of mixed state entanglement,
but after establishing the general picture of the nature of
disentanglement in all these cases, we discuss the time-
dependence of other measures of two-qubit entanglement.
Specifically, we calculate the decay of expectation values
of easy-to-implement (for certain spin qubit systems) en-
tanglement witnesses,71,72 and in particular we briefly
describe the performance of the quantum teleportation
protocol73–76 in which a partially disentangled state is
used as a resource.
Let us discuss briefly the relation of this paper to exist-
ing theoretical works on entanglement dynamics of elec-
tron spins interacting with nuclear spin baths. Decay
of two-qubit entanglement in a high-temperature nuclear
bath at largeB fields was discussed in Ref. 77. In Refs. 78
and 79 the focus was on coupled qubits (non-zero ex-
change interaction between the two electron spins, lead-
ing to finite splitting of singlet and unpolarized triplet
states, ∆ST), and magnetic field B was assumed to be
zero. Here we consider uncoupled spins (∆ST = 0) and
focus on B 6=0 (with most attention devoted to regime of
fields larger than the typical Overhauser field generated
by the coupling to the nuclei). In two recent works80,81
both entanglement and more general quantum correla-
tions were considered for two uncoupled spin qubits freely
evolving at rather smalls B fields (including B=0), and
interacting with thermal nuclear baths. Here we consider
other bath states (narrowed, correlated), and we also cal-
culate the entanglement dynamics under application of
the spin echo protocol.
Often the two QDs are situated one next to another in
a double quantum dot (DQD) configuration. It is then
possible to turn on the exchange coupling between the
spins,6 and in many experiments such a DQD system
was operated not as a pair of single-spin qubits, but as
a host for a single logical qubit existing in total Sz = 0
subspace of the four-dimensional Hilbert space of two
spins. The decoherence of the DQD-based singlet-triplet
(S-T0) qubit could be viewed as disentanglement of a
state of two single-spin qubits, since the relevant singlet
and triplet states correspond to |Ψ±〉 Bell states of the
two spins. Of course, the fact that in the experiments on
S-T0 qubits only states from subspace spanned by |Ψ±〉
are controlled explains why this point of view has not
been stressed in literature. However, the decay of a |Ψ−〉
state (i.e. the decay of overlap of the decohered state with
|Ψ−〉, called “singlet return probability” in many exper-
imental works) in coupled82 and uncoupled6,58 DQDs is
well understood theoretically. For decay at large ∆ST
see Ref. 28, while the echo sequence for uncoupled QDs,
with pi pulse provided by the two-qubit exchange gate, is
considered in Ref. 42, in which theory of Refs. 38 and 39
is re-derived from a distinct point of view and applied to
3the S-T0 case. The dephasing of superpositions of S and
T0 states due to interaction with the nuclear bath was
also considered theoretically for coupled dots in Refs. 46
and 83 (note that the superposition of S and T0 can cor-
respond to an entangled or a separable state depending
on the value of the relative phase, with the simplest ex-
ample being (|S〉+ |T0〉)/
√
2= |↑↓〉 state which is separa-
ble, while (|S〉 + i |T0〉)/
√
2 is maximally entangled). In
recent experiments on dephasing of such a S-T0 superpo-
sitions in DQDs with two84,85 and more86 electrons, the
dominant role of charge noise (leading to fluctuations of
∆ST) was uncovered, showing that in currently investi-
gated structures the nuclear baths are not limiting the
coherence at finite ∆ST.
In the paper, we perform calculations for completely
uncoupled QDs, that is we assume that the exchange
splitting ∆ST = 0 even if the two qubits are in the
DQD configuration. Of course ∆ST is then not equal
to zero exactly, but gate control of interdot detuning
and barrier height allows for ∆ST to be tunable in a
wide range (see e.g. Refs. 85 and 86 with recent re-
sults) encompassing the values of ∆ST much smaller
than typical energy of electron spin interaction with
the thermal nuclear bath. For non-thermal baths and
when spin echo protocol is used a conservative assump-
tion of ∆ST much smaller than the inverse character-
istic timescale of coherence/entanglement decay can be
used to quantify what is the realistic meaning of “un-
coupled” qubits in the context of their entanglement dy-
namics. Note that measurements58 of echo decay in a
GaAs DQD on timescales as long as ≈ 30 µs were suc-
cesfully interpreted42,58 while assuming uncoupled dots
inthe far-detuned regime of DQD operation.
In order to make this paper easy to read for both the
practitioners of spin qubit physics, and the researchers
who have experience with entanglement dynamics, but
have not worked on nuclear bath, we have organized the
paper in the following way. Section II contains an at-
tempt at a self-contained introduction to the most rele-
vant features of the problem of hf-induced decoherence.
It can be safely skipped (or only briefly scanned) by read-
ers familiar with the topic. We note that the parameter
regime on which we focus in this paper is discussed in
Sec. II C 3. In Sec. III we describe the general features of
dynamics (both for free evolution and for two-spin echo
case) of the reduced density matrix of two spin qubits
interacting with the nuclear spin bath, and we describe
the approximation schemes used in this work. Section IV
contains a short discussion of the issue of quantification of
entanglement and calculation of its appropriate measures
in the case of two-qubit entanglement. The calculations
of two-qubit entanglement quantified by concurrence are
presented in the following sections: in Sec. V we show
results for the case of the two uncorrelated nuclear baths
in thermal equilibrium, while in Sec. VI we consider the
case of narrowed nuclear baths (i.e. nuclear environments
with a diminished uncertaintity in the value of one of the
components of the effective field that the nuclei exert on
the electron spin). Both the case of uncorrelated baths
(each narrowed separately), and the experimentally rel-
evant for DQDs case of correlated environments (with a
well-defined value of the difference of the effective fields
generated by the two nuclear ensembles) are considered
there. Two-spin echo results are presented in Sec. VII.
Finally, in Sec. VIII, having previously discussed the gen-
eral features of time-dependence of the two-qubit density
matrix, we consider other ways of detecting and quantify-
ing entanglement: using entanglement witnesses and per-
forming a quantum teleportation protocol, both of which
require some prior knowledge about the available mixed
entangled state.
II. ELECTRON SPINS INTERACTING WITH
NUCLEAR BATHS IN QUANTUM DOTS
A. Hamiltonian of the electron spins and of the
spin-bath interaction
The Hamiltonian of the electron spin interacting via
contact hf coupling with nuclei in the QD is given by
Hˆ = ΩSˆz +
∑
k
AkSˆ · Jˆk , (1)
where Ω=gµBB is the electron spin Zeeman splitting, in
which g is the effective g-factor of an electron in a QD, µB
is Bohr’s magneton, B is the external magnetic field, and
Ak is the hf coupling to the k-th nucleus. In QDs based
on III-V materials multiple kinds of nuclei are present
(nuclei of various isotopes of Ga, As, In etc.). Denoting
the nuclear species with index α, the hf coupling for nu-
cleus of species α located at site k is Ak =Aα|F (rk)|2,
where F (rk) is the envelope function of the localized elec-
tron state, and Aα is the energy of hf interaction char-
acteristic for a nucleus of a given atom embedded in a
crystal lattice.
It is convenient to define an effective number N of nu-
clei appreciably coupled to the electron spin by
1
N
.
=
∑
u
|F (ru)|4 (2)
where u labels the primitive unit cells (and the envelope
F (r) is assumed to be approximately constant inside each
cell). As we will see in Sec. II B, an important role in the
physics of spin-bath coupling is played by the quantity
∑
k
A2k ≈
∑
α
nαA2α
∑
u
|F (ru)|4 =
∑
α
nαA2α
N
, (3)
where nα is the average number of nuclei of type α in the
primitive unit cell.
We can write the spin-bath coupling term as∑
k
AkSˆ · Jˆk ≡
∑
i=x,y,z
hˆiSˆi ≡ hˆzSˆz + Vˆff , (4)
4where we have introduced the three components of the
Overhauser field operator, hˆi
.
=
∑
k AkJ
i
k, and in the sec-
ond expression we have separated the term related to the
hˆz longitudinal component from the transverse compo-
nents appearing in the electron-nucleus flip-flop operator
Vˆff
.
= 12
∑
k Ak(Sˆ
+Jˆ−k + Sˆ
−Jˆ+k ). In the next Section we
will discuss the physical motivation for such a separation.
B. Intrinsic bath dynamics and the nuclear density
matrix relevant for possible kinds of experiments
involving spin qubits
The bath Hamiltonian is given by
Hˆbath =
∑
k
ωkJˆ
z
k + Hˆdip , (5)
with ωk being the Zeeman splitting of the k-th nuclear
spin, equal to one of ωα values depending on the kind of
nucleus present at site k (we assume here that the mag-
netic field is uniform on the length scale of the size of
the QD; for theoretical treatment of the case of nonuni-
form field see e.g. Ref. 49). The second term is the in-
ternuclear dipolar interaction, which for typically used
magnetic fields can be approximated by its secular form:
Hˆdip =
∑
i6=j
bij(Jˆ
+
i Jˆ
−
j − 2Jˆzi Jˆzj ) , (6)
where bkl are dipolar couplings between the nuclei. Their
exact form is irrelevant here: what matters is that they
decay rather quickly with distance, and that they are
very weak. In all the experiments on spin qubits bkl≪
kBT , and also ωα≪kBT unless very high magnetic fields
(B > 10 T) are used. This means that the equilibrium
density matrix of the nuclei is
ρˆeqJ =
1
Z
1 , (7)
where the statistical sum Z for a bath consisting of N
nuclei of spin J is given by Z=(2J +1)N . In some cases
it is possible to treat the Overhauser field classically. The
distribution of classical field h corresponding to the above
density matrix is given by24
P (h) =
1
(2pi)3/2σ3h
exp
(
− h
2
2σ2h
)
, (8)
where
σ2h =
∑
k
A2k〈(Jˆzk )2〉eq =
1
3
∑
α
Jα(Jα + 1)nα
A2α
N
, (9)
where 〈...〉eq denotes averaging with respect to the nu-
clear density matrix from Eq. (7), and Jα is the length
of spin of α species. The standard deviation σh gives
us the value of the typical effective Overhauser field felt
by the electron spin interacting with a high-temperature
nuclear bath.
Another consequence of weakness of internuclear dipo-
lar interaction is the slowness of intrinsic nuclear dynam-
ics. In the presence of B field larger than the magnetic
resonance linewidth of nuclei87 (caused by Jˆzi Jˆ
z
j interac-
tions in Eq. (6)), i.e. for B≫0.1 mT, the dynamics of lon-
gitudinal component of the Overhauser field, hz, is much
slower than that of the transverse components h⊥=hx,
hy. The randomization h⊥ occurs then on timescale of
τ⊥∼ 100 µs given by the inverse of this linewidth, while
the dynamics of hz is governed by diffusion of nuclear
polarization (due to nearest-neighbor flip-flops caused by
J+k J
−
l interactions in Eq. (6)) out of the volume of the
QD.88 The characteristic timescale τ||∼L2/D, where L
is the size of the QD and D is the nuclear diffusion con-
stant. The experiments give τ||∼10 s in GaAs QDs,89 in
qualitative agreement with theory.88
In an experiment, the cycle of initialization, evolution,
and measurement of the states of the qubits is repeated
many times in order to gather enough data to reconstruct
the time-dependence the electron density matrix. Often
the acquisition of these data takes much longer time than
τ||, so that we can safely assume ergodicity of the nuclear
dynamics. The measured signal corresponds then to aver-
aging of the electron spin evolution over nuclear ensemble
described by ρˆeq from Eq. (7). However, when single-
shot readout methods are used,90 the qubit dynamics
(e.g. spin precession) can be measured on timescale order
of magnitude shorter than τ||, but still much longer than
τ⊥. The measurement of spin precession corresponds
then to measurement of the full spin splitting, Ω + hz.
Such a nuclear state is called the narrowed state,27,91–93
and various degrees of narrowing were experimentally ob-
tained in QDs using various methods.94–96 In the theo-
retical description27,29,35,39,40,43,44 of such narrowed state
free induction decay (NFID) experiments one should use
a nuclear density matrix corresponding to a fixed value
of hz (or at least a narrowed spread of possible values).
We use the basis of bath states which are products
of eigenstates of Jz of individual nuclear spins, |χ〉 =
|Jz1 ...JzN 〉, where Jˆzk |χ〉 = Jzk |χ〉, and we define |χ(hz)〉
as a state corresponding to a given eigenvalue hz of hˆz.
On the timescale of interest the nuclear environment is
treated as a finite one, so we can treat hz as a discrete
variable, and the number of |χ(hz)〉 states corresponding
to it, M(hz), is finite, therefore we can label these states
|χi(hz)〉 with index i ∈ [1,M(hz)]. A partially narrowed
state can be written as
ρˆJ(h¯
z, σn) =
1
Z
∑
hz
ph¯z,σn(h
z)
∑
i
|χi(hz)〉 〈χi(hz)| ,
(10)
where ph¯z,σn(h
z) is a function peaked at h¯z having
width σn ≪ σh, and the normalization constant Z =∑
hz M(h
z)ph¯z,σn(h
z). In the limit of perfect narrowing
we have ph¯z,σn(h
z) = δh¯z,hz . Note that the lack of the
off-diagonal elements in the above density operator is a
5consequence of the realistic assumption that the measure-
ments are averaged over a time scale much larger than
τ⊥.
In most cases there is no correlation between the states
of the nuclear baths in the two QDs, and the total initial
density matrix of the environment is
ρˆJ = ρˆ
A
J (0)⊗ ρˆBJ (0) , (11)
where the density matrices corresponding to nuclei in
dots A and B are given either by Eq. (7) or (10). When
dealing with a DQD, it is also possible to create a nar-
rowed distribution of Overhauser field difference between
the dots.94,96,97 This corresponds to a correlated state of
the two nuclear environments with a diminished uncer-
taintity of ∆hz
.
=hzA − hzB:
ρˆAB(∆h
z , σn) =
1
ZAB
∑
hz
A
,hz
B
pAB
(
hzA − hzB, σn
)
×
∑
i,j
(|χi(hzA)〉 〈χi(hzA)|)⊗ (|χj(hzB)〉 〈χj(hzB)|) ,
(12)
where pAB is peaked at ∆h
z while its width is σn≪σh,
and ZAB=
∑
hz
A
,hz
B
MA(h
z
A)MB(h
z
B)pAB
(
hzA− hzB
)
. It is
useful to note that the above can be written as
ρˆAB(∆h
z, σn) =
∑
hz
A
,hz
B
w(hzA; ∆h
z)ρˆA(h
z
A)⊗ ρˆB(hzB) ,
(13)
where ρˆQ(h
z
Q) is the perfectly narrowed state for dot Q
and the weights
w(hzA; ∆h
z) = pAB
(
hzA − hzB, σn
)
×MA(hzA)MB(hzB=hzA+∆hz)/ZAB . (14)
C. Basics of decoherence due to interaction with
the nuclear bath
1. Quasistatic bath and inhomogeneous broadening
From the above discussion it is clear that the nuclear
bath belongs to a class of environments having slow fluc-
tuations, leading to strongly non-Markovian features of
qubits’ coherence and entanglement dynamics. In fact,
a reasonable zeroth-order approach to the problem of a
freely evolving electron spin coupled to the nuclear bath
is to treat the bath as static on the timescale of qubit
dynamics.18,98,99 In this quasistatic bath approximation
(QSBA) decoherence occurs due to the averaging over
various states of the environment, and the changes of
these states occur between the repetitions of the cycle of
qubit initialization–evolution–measurement.
For Ω≫σh there is a well-defined quantization axis z,
and the qubits initialized in superpositions of Sˆz eigen-
states experience essentially pure dephasing process due
to averaging of their precessions over a distribution of hz
fields given by Eq. (8). This leads to an inhomogeneously
broadened decay of transverse spin components:
〈Sˆx,y(t)〉 ∝ exp
(
− (t/T ∗2 )2
)
(15)
where T ∗2 =
√
2/σh is of the order of 10 ns in gated GaAs
QDs. This decay is so fast that the dynamics of the
bath, either intrinsic (due to dipolar interactions), or ex-
trinsic (caused by interaction with the electron) can be
neglected, making the calculation self-consistent. The
same statement holds in the case of partially narrowed
state obtained in Ref. 94, where T ∗2 ≈ 100 ns was ob-
tained. The most recent experiments,96 in which pre-
sumably partial narrowing led to T ∗2 ≈1 µs, remain to be
analyzed more carefully in this context.
Note that for Ω ≪ σh the electron spin decay is in-
complete within the QSBA,24 and the description of
〈Sx,y,z(t)〉 decay towards zero requires a theoretical ap-
proach which takes into account the detailed shape of
the electron’s wavefunction.32,33,47,48,51 However, it is
established32 that the very low-field QSBA solution cor-
rectly describes the exact dynamics of the system on
timescale of t.T ∗2 .
2. Looking beneath inhomogenous broadening – very high
magnetic fields
There are two established methods of removing the in-
homogenous broadening effect: the previously discussed
creation of narrowed state of the nuclei and the spin echo
experiment. In the latter case each qubit is rotated by pi
about one of the in-plane (x or y) axes at the midpoint of
the evolution (at time τ), and the coherence signal expe-
riences that a revival (an echo) at the measurement time
2τ . The essence of the echo sequence is a complete re-
moval of the influence of all the low-frequency (.1/(2τ))
fluctuations of the hz field affecting the qubit’s energy
splitting.100,101
Both of these methods remove the influence of fluc-
tuations of hz which have characteristic timescale much
longer than the time of single evolution of the qubit. The
decoherence is then caused either by faster fluctuations
of hz, or by the influence of transverse Overhauser fields
(i.e. by the Vˆff term from Eq. (4)). The latter effect is
however diminishing with increasing Ω: due to the fact
that Ω is about 1000 times larger than ωα, for Ω≫ σh
(when the probability that the hz is compensating the
external field is vanishing) the Vˆff operator can lead only
to virtual higher-order transitions between the states of
the system. In the semiclassical picture the influence
of the transverse field |h⊥| ∼ σh is strongly suppressed
for Ω≫σh, and this fields leads then only to precession
frequency renormalization by ∼ h2⊥/2Ω and the tilt of
quantization axis by angle ∼ h⊥/Ω. At large enough Ω
these effects become irrelevant, and the high-field coher-
ence is limited by the intrinsic dynamics of hz caused
by dipolar interactions.26,29–31 The single-spin coherence
6decay can be described by taking into account the deco-
hering influences of finite- size groups (clusters) of nuclear
spins29–31,37. Such cluster expansion theories give
〈Sˆx,y(t)〉 ∝ exp
(
− (t/T2)γ
)
, (16)
with γ=4 and T2≈ 10− 50 µs (depending on the shape
of the wavefunction102) for GaAs in the NFID and echo.
This pure dephasing process sets the limit for the co-
herence time of an electron interacting with the nuclear
bath.
3. Looking beneath inhomogenous broadening – low and
moderate magnetic fields
With decreasing Ω the role of the Vˆff term increases,
and at some Ω (corresponding to B ∼ 0.5 T in GaAs
QDs when spin echo decay is considered58) the influ-
ence of hˆ⊥ replaces the dipolar-induced fluctuations of
hˆz as the dominant source of decoherence. From mul-
tiple approaches27,29,35,36,38–44 to this problem of purely
hf-induced decoherence we choose the ones that are ex-
pected to work at these moderate B fields. Specifically,
we concentrate on field regime in which the decay of ei-
ther NFID or echo occurs at times t≪ 1/Amax, where
Amax is the maximal value of the hf coupling Ak. In III-
V QDs, for which there is a nuclear spin at every lattice
site, and for which all the Aα have similar values, we have
1/Amax≈N/A≈ 10 µs for N =106. For t≪ 1/Amax the
time-energy uncertainty should make the exact shape of
Ak distribution irrelevant, allowing us to take all the Ak
couplings to be the same. If we can also restrict ourselves
to regime of t≪mink,l[1/(ωk − ωl)] where ωk and ωl are
Zeeman splittings of distinct nuclei (this condition is also
easier to fulfill at low B), we can neglect the presence of
mutliple nuclear species, and treat the nuclear bath as a
large single spin Jˆ=
∑N
k=1 Jˆk. Such a uniform coupling
(UC) model can be easily solved exactly both in the case
of free evolution, including NFID43, and in the case of
spin echo41 for practically any N , and for any value of Ω,
including Ω=0. In the context of entanglement dynamics
it is important that this method allows for calculation of
all the components of ρˆ(t), since certain features of en-
tanglement decay, for example the presence or absence
of entanglement sudden death103,104 (ESD) when one of
the Bell states is considered, can be captured only with a
theoretical approach that describes the changes of qubit’s
populations.
When dynamics on longer time scales is of interest, an
approach that takes into account the presence of distinct
nuclear species and/or the inhomogeneity of hf couplings
becomes necessary. This is especially true for the case of
spin echo, in which the crucial role of presence of nuclear
species with distinct ωk was predicted
38,39 and verified
experimentally.58 The theory used in these papers was
based on employing an effective pure dephasing Hamil-
tonian derived in the second order with respect to Vˆff. A
brief outline of this method is given below in Sec. III D.
III. EVOLUTION OF THE REDUCED DENSITY
MATRIX
We make two basic assumptions here. The first is
that of a lack of system–environment correlation at ini-
tial time, i.e. we take the initial total density matrix to
be ρˆ(0) ⊗ ρˆJ (0), where ρˆ(0) is the initial density matrix
of the qubits. The second is that there is no interaction
between the two electron spins, and the two nuclear en-
vironments are well-separated, i.e. even if the two dots
are close to each other, the overlap of the wavefunctions
of the two electrons is negligible, so that there is no ex-
change coupling, and each nuclear spin appreciably cou-
pled to the electrons can be assigned to only one of the
two baths. Formally, the total Hamiltonian of the system
can be written as HˆA ⊗ 1B + 1A⊗ HˆB, where HˆQ is the
Hamiltonian of the electron and the nuclei in dot Q.
A. General formalism in the case of free evolution
An important property of HˆQ consisting both of the
Hamiltonian of isotropic hf interaction from Eq. (1) and
the intrabath dipolar interaction from Eq. (6) is the con-
servation law
[HˆQ, Sˆ
z
Q +
∑
k∈Q
Jˆzk ] = 0 . (17)
We introduce operators Πm,σ
.
= PˆσσΠˆm, where Pˆσσ′
.
=
|σ〉 〈σ′| for σ=σ′ is projecting on subspace of given elec-
tron spin Sz = σ/2 (where σ = ±1), and Πˆm is pro-
jecting on subspace of fixed total z component of the
nuclear spin, i.e. the subspace of states |χ(m)〉 fulfilling∑
(k)Jˆzk |χ(m)〉 = m |χm〉. The the evolution operator
UˆQ(t)
.
= exp(−iHˆQt) (note that we put ~=1) fulfills
Πm,σUˆQ(t)Πm′,σ′ = δm+σ/2,m′+σ′/2Πm,σUˆQ(t)Πm′,σ′ .
(18)
This means that evolution starting from a state in the
{σ,m} subspace leads to states located either in this sub-
space, or in the {σ¯,m + σ/2} subspace (with σ¯ ≡ −σ).
This property allows for an exact solution25 in the case
of fully polarized bath (and any distribution of Ak cou-
plings), but it is also useful in the general case.
A general formula for the evolution of the two-qubit
density matrix is
ραβ,γδ(t) =
∑
α′β′γ′δ′
Rα
′β′γ′δ′
αβγδ (t) ρα′β′,γ′δ′(0) , (19)
with
Rα
′β′γ′δ′
αβγδ (t)
.
= TrJ
(
〈αβ| Uˆ(t) |α′β′〉 ρˆJ (0) 〈γ′δ′| Uˆ †(t) |γδ〉
)
,
(20)
7where Uˆ(t)
.
= UˆA(t)⊗UˆB(t), and |αβ〉 .= |α〉A⊗|β〉B being
the two-qubit state.
Let us start with a rather general density matrix of
the environment ρˆJ : the one from Eq. (12) but addi-
tionally with p(hzA − hzB) replaced by p(hzA, hzB), i.e. we
consider now a very broad class of possibly correlated
environmental states. Using Eq. (18) and the fact that
ΠmQ ρˆJΠnQ∝ δmQnQ , we arrive at
Rα
′β′γ′δ′
αβγδ (t) ≡ δαα′δββ′δγγ′δδδ′Rαβγδαβγδ(t)
+ δαα′δβ¯β′δγγ′δβδδβ¯δ′R
αβ¯γβ¯
αβγβ(t)
+ δα¯α′δββ′δδδ′δαγδα¯γ′R
α¯βα¯δ
αβαδ(t)
+ δαγδα¯α′δα¯γ′δβδδβ¯β′δβ¯δ′R
α¯β¯α¯β¯
αβαβ(t) . (21)
We can see how the constraints on the nuclear density
matrix discussed in Sec. II B and the conservation law
(17) reduce the number of R evolution functions needed
for description of two-qubit dynamics.
For uncorrelated baths from Eq. (11) we can express
the R functions defined above using the functions de-
scribing the evolution of a single qubit interacting with
its bath.105,106 The evolution of qubit Q is given by:
ρQσσ′ (t) = TrJ
(
〈σ| UˆQ(t)ρˆQ(0)⊗ ρˆQJ (0)Uˆ †Q(t) |σ′〉
)
,
=
∑
ξ,ξ′
TrJ
(
〈σ| UˆQ(t) |ξ〉 ρˆQJ (0) 〈ξ′| Uˆ †Q(t) |σ′〉
)
ρQξξ′(0) ,
≡
∑
ξ,ξ′
KQσξ,ξ′σ′(t) ρ
Q
ξξ′ (0) , (22)
where KQσξ,ξ′σ′(t) encapsulates the influence of the envi-
ronment on the evolution of the reduced density matrix
of qubit Q. The above representation80,105,106 is of course
closely related to the operator-sum (Kraus) representa-
tion of evolution of ρˆQ, but it is much more convenient
to use when the number of relevant Kraus operators is
large (as it is the case here). The K functions have the
following structure:
Kσξ,ξ′σ′ ≡ δσξδσ′ξ′Kσσ
′
a + δσσ′δσξ¯δσξ¯′K
σ
b , (23)
with
Kσσ
′
a
.
=
∑
m
Tr
(
Pˆσ′σΠmUˆΠmPˆσσ′ρJΠmUˆ
†
)
, (24)
Kσb
.
=
∑
m
Tr
(
PˆσσΠmUˆΠm+σ/2Pˆσ¯σ¯ρJΠm+σ/2Uˆ
†
)
,(25)
where the time dependence of Ka/b(t) and Uˆ(t) has been
suppressed. The evolution of ρˆQ(t) is thus given by
ρQσσ(t) = K
Q,σσ
a (t) ρ
Q
σσ(0) +K
Q,σ
b (t) ρ
Q
σ¯σ¯(0) , (26)
ρQσσ¯(t) = K
Q,σσ¯
a (t) ρ
Q
σσ¯(0) , (27)
where we see that the dynamics of coherences (ρ+− =
ρ∗−+) is decoupled from the dynamics of the populations
(ρ++ and ρ−−). This was first noted in Ref. 27. Further-
more, from ρ+++ρ−−=1 we haveK
Q,σ
b (t)=1−KQ,σ¯σ¯a (t).
In an analogous way we derive the expression for time
evolution of the two-qubit reduced density matrix in the
case of uncorrelated baths:
ρσAσB ,σ′Aσ′B (t) =
∑
ξA,ξB ,ξ′A,ξ
′
B
ρξAξB ,ξ′Aξ′B (0)
×KAσAξA,ξ′Aσ′A(t)K
B
σBξB ,ξ′Bσ
′
B
(t) , (28)
and using Eq. (23) we arrive at specific form of R func-
tion, in which the four terms on the RHS of Eq. (21)
are respectively given by KA,αγa K
B,βδ
a , K
A,αγ
a K
B,δ
b ,
KA,αb K
B,βδ
a , and K
A,α
b K
B,β
b .
Using the above formulas we obtain the diagonal ele-
ments of the two-qubit density matrix,
ρσξ,σξ(t) = K
A,σσ
a K
B,ξξ
a ρσξ,σξ(0) +K
A,σσ
a K
B,ξ
b ρσξ¯,σξ¯(0)
+KA,σb K
B,ξξ
a ρσ¯ξ,σ¯ξ(0) +K
A,σ
b K
B,ξ
b ρσ¯ξ¯,σ¯ξ¯(0) ,
(29)
where the time-dependence of K(t) functions has been
suppressed for clarity of notation. For off-diagonal el-
ements corresponding to coherences between the states
differing by a single spin-flip, we have
ρσξ,σξ¯(t) = K
A,σσ
a K
B,ξξ¯
a ρσξ,σξ¯(0) +K
A,σ
b K
B,ξξ¯
a ρσ¯ξ,σ¯ξ(0) ,
ρσξ,σ¯ξ(t) = K
A,σσ¯
a K
B,ξξ
a ρσξ,σ¯ξ(0) +K
A,σσ¯
a K
B,ξ
b ρσξ¯,σ¯ξ¯(0) ,
(30)
and for coherences between the states differing by two
spin flips we have
ρσξ,σ¯ξ¯(t) = K
A,σσ¯
a K
B,ξξ¯
a ρσξ,σ¯ξ¯(0) . (31)
A simple calculation shows that the electron spin struc-
ture of Eqs. (29)–(31) holds also in the general case de-
scribed by Eqs. (19) and (21), in which the interbath
correlations are allowed. This has an important conse-
quence for entanglement dynamics. Below we consider
initial states of the qubits described by a density ma-
trix diagonal in the basis of Bell states. This matrix in
the product basis |σAσB〉 has non-zero populations, and
non-zero coherences between the states differing by two
spin flips (non-zero values only on the diagonal and the
antidiagonal, i.e. it is of the X form). From the above
equations of motion we see that this X form is preserved
at all times.
B. General formalism in the spin echo case
Since the spin echo protocol leads by itself to removal
of inhomogeneous broadening, there is little incentive to
consider narrowed bath states, and we focus now on ther-
mal and uncorrelated baths.
In the protocol, a pi pulse (taken as a perfect pulse
along the x axis here) is applied to each qubit at time τ ,
8while the coherence measurement is performed at time
2τ . The evolution operator UˆQ in Eq. (22) is then given
by
UˆSEQ (2τ) = e
−iHˆQτ (−iσˆx)e−iHˆQτ , (32)
and the K(2τ) functions derived using the above opera-
tor describe the evolution of the two-qubit density ma-
trix from the initial state to the final state at time 2τ , at
which the coherence revival is expected to be maximal.
With these functions we can calculate the 2τ -dependence
(i.e. the dependence on the total echo sequence time) of
the reduced density matrix of the qubits. Alternatively,
in order to visualize how the echo signal appears as the
time of final measurement is varied, we can use the evo-
lution operator
UˆSEQ (τ1, τ2) = e
−iHˆQτ2(−iσˆx)e−iHˆQτ1 , (33)
and investigate the dependence of the reduced density
matrix on τ1 and τ2. Of course we expect to see a partial
recovery of the signal for τ1≈τ2.
Depending on the way in which we want to look at the
results of the echo protocol, we obtain Kσξ,ξ′σ′ functions
with either 2τ (the total time of sequence with pi pulse
at τ) or τ1 and τ2 as their arguments. The structure of
the functions is the same in both cases as long as τ2>0.
However, it is richer than the structure of K(t) functions
discussed previously for the free evolution case. Now we
have
Kσξ,ξ′σ′ ≡ δσξ¯δσ′ ξ¯′Kσσ
′
a + δσσ′δσξ¯δσξ¯′K
σ
b
+ δσσ′δσξδσξ′K
σ
c + δσσ¯′δσξδσξ¯′K
σ
d , (34)
where
Kσσ
′
a
.
=
∑
m
Tr(Pˆσ′σUˆ
m,m
2 Pˆσσ¯Uˆ
m,m
1 Pˆσ¯σ¯′ ρˆJ(Uˆ
†
1 )
m,mPˆσ¯′σ′ (Uˆ
†
2 )
m,m) , (35)
Kσb
.
=
∑
m
Tr(PˆσσUˆ
m,m+σ
2 Pˆσ¯σUˆ
m+σ,m+2σ
1 Pˆσ¯σ¯ρˆJ (Uˆ
†
1 )
m+2σ,m+σPˆσσ¯(Uˆ
†
2 )
m+σ,m) , (36)
Kσc
.
=
∑
m
Tr(PˆσσUˆ
m,m
2 Pˆσσ¯Uˆ
m,m−σ
1 Pˆσσ ρˆJ(Uˆ
†
1 )
m−σ,mPˆσ¯σ(Uˆ
†
2 )
m,m)
+
∑
m
Tr(PˆσσUˆ
m,m+σ
2 Pˆσ¯σUˆ
m+σ,m+σ
1 Pˆσσ ρˆJ(Uˆ
†
1 )
m+σ,m+σPˆσσ¯(Uˆ
†
2 )
m+σ,m) , (37)
Kσd
.
=
∑
m
Tr(Pˆσ¯σUˆ
m,m
2 Pˆσσ¯Uˆ
m,m−σ
1 Pˆσσ¯ ρˆJ(Uˆ
†
1 )
m−σ,m−σPˆσ¯σ(Uˆ
†
2 )
m−σ,m)
+
∑
m
Tr(Pˆσ¯σUˆ
m,m+σ
2 Pˆσ¯σUˆ
m+σ,m+σ
1 Pˆσσ¯ ρˆJ(Uˆ
†
1 )
m+σ,mPˆσσ¯(Uˆ
†
2 )
m,m) , (38)
where we have defined Uˆn,m1/2
.
= ΠˆnUˆ(τ1/2)Πˆm and
(Uˆ †1/2)
n,m .= ΠˆnUˆ
†(τ1/2)Πˆm. Note that the structure of
ρˆ(2τ) is now more complicated than in the case of free
evolution. The diagonal element ρσξ,σξ(2τ) still depends
only on the initial values of all the diagonal elements,
ρσξ,σξ(2τ) = K
A,σ
b K
B,ξ
b ρσξ,σξ(0)
+
(
KA,σb K
B,ξξ
a +K
A,σ
b K
B,ξ
d
)
ρσξ¯,σξ¯(0)
+
(
KA,σσa K
B,ξ
b +K
A,σ
d K
B,ξ
b
)
ρσ¯ξ,σ¯ξ(0)
+
(
KA,σσa K
B,ξξ
a +K
A,σσ
a K
B,ξ
d
+KA,σd K
B,ξξ
a +K
Aσ
d K
B,ξ
d
)
ρσ¯ξ¯,σ¯ξ¯(0) , (39)
but the behavior of coherences is different. The coher-
ences between the states differing by a single spin flip
depend now on the initial values of all the coherences
of this kind, and the same holds for the coherences be-
tween the states differing by two spin flips – but the two
groups of coherences are mutually independent. As we
will see below, the decay of entanglement of Bell states is
determined by dynamics of occupations and two-spin-flip
coherence, so we give here the formula for the latter:
ρσξ,σ¯ξ¯(2τ) = K
A,σ
c K
B,ξ
c ρσξ,σ¯ξ¯(0) +K
A,σ
c K
B,ξξ¯
a ρσξ¯,σ¯ξ(0)
+KA,σσ¯a K
B,ξ
c ρσ¯ξ,σξ¯(0) +K
A,σσ¯
a K
B,ξξ¯
a ρσ¯ξ¯,σξ(0) .
(40)
Although the exact dynamics is more complicated than
in the free evolution case, a state initialized in an X form
again retains this structure throughout the evolution.
9C. Approximation schemes for evolution functions
at lowest magnetic fields: uniform coupling approach
In order to make use of the above schemes of calcula-
tion of the two-qubit density matrix, we have to choose an
approximate method of calculation of K(t) functions (or
R(t) functions in the case of correlated baths). At lowest
magnetic fields we will use the uniform coupling (UC) ap-
proach, in which all Ak couplings are assumed to be the
same, all equal to A/N . Furthermore, we assume that
all the nuclei have the same Zeeman splitting ω, so that
we consider a single nuclear macrospin Jˆ =
∑N
k=1 Jˆk. As
discussed in Sec. II C 3, this approximation is expected to
be justified at low fields, at which the coherence decays
on timescale t≪N/A, mink,l[1/(ωk − ωl)].
When we replace the nuclear operators by a collec-
tive angular momentum operator Jˆ, we can work in the
basis of collective nuclear spin states |ζ, j,m〉, for which
Jˆ2 |ζ, j,m〉=j(j+1) |ζ, j,m〉 and Jˆz |ζ, j,m〉=m |ζ, j,m〉,
and where ζ is the quantum number accounting for many
ways in which N spins can be added to a total spin j.
The Hamiltonian for a single dot
HˆUC = ΩSˆ
z + ωJˆz +
A
N
Sˆ · Jˆ (41)
is then coupling only pairs of states:
e−iHˆUCt |σ; ζ, j,m〉 ≡ ajmσ(t) |σ; ζ, j,m〉
+ bjmσ(t) |σ¯; ζ, j,m+ σ/2〉 , (42)
without leaving the subspace of fixed j and ζ. As ex-
plained in Sec. II B, the nuclear density matrix is diag-
onal in the basis of eigenstates of Jˆz, so that it can be
written as
ρˆJ =
1
Z
∑
j,m,ζ
pm |ζ, j,m〉 〈ζ, j,m| (43)
where pm are the appropriate weights (i.e. pm=1 for the
thermal state and pm=δmm0 for narrowed state), and Z
is the statistical sum. Since the Hamiltonian is diagonal
in ζ quantum numbers, the summation over them can be
performed at this point:
ρˆJ =
1
Z
∑
jm
njpm |j,m〉 〈j,m| , (44)
where nj is the number of subspaces with given j (see
Appendix A).
With the above nuclear density matrix, using Eq. (42)
and the results given in the previous Section, we arrive
at K functions in the case of free evolution:
KQ,σσ
′
a (t) =
1
Z
∑
jm
nja
Q
jmσ(t)
(
aQjmσ′ (t)
)∗
, (45)
KQ,σb (t) =
1
Z
∑
jm
nj |bQjmσ¯(t)|2 . (46)
The calculation for the case of correlated baths de-
scribed by a density matrix from Eq. (12), in which in
the UC approximation we have hzQ = mQA/NQ, yields
Rα
′β′γ′δ′
αβγδ (t) =
1
Z
∑
mA−mB=∆m
∑
jA, jB
njAnjB
(
ajAmAα′ajBmBβ′a
∗
jAmAγ′a
∗
jBmBδ′δαα′δββ′δγγ′δδδ′
+ ajAmAα′a
∗
jAmAγ′ |bjBmBβ′ |2δαα′δβ¯β′δγγ′δβδδβ¯δ′
+ ajBmBβ′a
∗
jBmBδ′ |bjAmAα′ |2δαα¯′δββ′δδδ′δαγδα¯γ′
+ |bjAmAα′ |2|bjBmBβ′ |2δαγδα¯α′δα¯γ′δβδδβ¯β′δβ¯δ′
)
, (47)
where the time-dependence of a and b functions, and the
superscripts Q=A, B have been suppressed for clarity.
The structure of Eq. (21) is of course reproduced here.
As mentioned before, in the echo case we focus on un-
correlated thermal baths. Defining a
(k)
j,m,σ
.
= aj,m,σ(τk)
and b
(k)
j,m,σ
.
=bj,m,σ(τk) (with k=1, 2), we have the single-
qubit evolution functions:
Kσσ
′
a (∆t) =
∑
jm
nj a
(1)
j,m,σ¯ a
(2)
j,m,σ a
(1)∗
j,m,σ¯′ a
(2)∗
j,m,σ′ , (48)
Kσb (∆t) =
∑
jm
nj
(
|a(1)j,m,σ|2 |b(2)j,m,σ¯|2
+ |b(1)j,m,σ|2 |a(2)j,m+σ,σ|2
)
, (49)
Kσc (∆t) =
∑
jm
nj
(
a
(1)
j,m,σ b
(2)
j,m,σ¯ b
(1)∗
j,m,σ¯ a
(2)∗
j,m+σ¯,σ¯
+ b
(1)
j,m,σ a
(2)
j,m+σ,σ a
(1)∗
j,m,σ¯ b
(2)∗
j,m,σ
)
(50)
Kσd (∆t) =
∑
jm
nj |b(1)j,m,σ¯|2 |b(2)j,m+σ¯,σ¯|2 , (51)
where ∆t
.
= τ1 + τ2, and the peak of the echo signal is
obtained for τ1=τ2=∆t/2.
The full formulas for ajmσ and bjmσ functions are given
in Appendix A. For the qualitative discussion here we
only need to note that for qubit splitting Ω≪σh we have
|ajmσ| ≈ 1 and |bjmσ| ∝ σh/Ω. Thus, at large fields, all
the Ki functions containing at least one b function are
suppressed. This simply means that at large Ω the nu-
clear bath leads to pure dephasing of the qubit: only the
K+−a functions, describing the decay of coherences which
are non-zero in the initial state, are relevant then. This
observation is of course general, in the UC approximation
we simply can give closed formulas for the Ki functions.
D. Effective Hamiltonian theory at moderate
magnetic fields
As mentioned in Sec. II C 3, in NFID and echo exper-
iments, with increasing Ω the characteristic timescale at
which coherence (and entanglement) is substantial be-
comes longer, and the conditions for t used in the pre-
vious Section might not be fulfilled. The case of spin
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echo in QDs with mutliple nuclear species is of spe-
cial importance here, since non-trivial echo dynamics oc-
curs then for t > mink,l[1/(ωk − ωl)] while t≪ N/A is
still fulfilled.39,42,58 For unpolarized bath both NFID and
echo can be then treated with theory38,39 using a second-
order (in Vˆff) effective Hamiltonian
H˜(2) = Sˆz
∑
k,l
AkAl
4Ω
(Jˆ+k Jˆ
−
l + Jˆ
+
l Jˆ
−
k ) , (52)
which can be applicable when Ω≫ σh. Using this pure
dephasing approximation it is possible to use diagram-
matic linked cluster expansion, and to perfom a resum-
mation of the so-called ring diagrams to derive a closed
formula for Kσσ¯a (t) (which is the only non-trivial evo-
lution function in this case). Using various degrees of
coarse-graining of distribution of hf couplings, one can
see that for t≪ N/A, in this approach we can indeed
assume all the Ak to be equal. The result for NFID ob-
tained in this way agrees43 with the UC calculation for
Ω≫σh (only the small-asmplitude oscillations of Kσσ¯a (t)
are missing, see below). More importantly, for spin echo,
for t ≪ N/A this approach gives an analytical expres-
sion for coherence decay,38,39 which agrees with experi-
ments on GaAs quantum dots performed in the relevant
B range.58 The details of this ring diagram theory (RDT)
are given in Ref. 39 (see also an alternative derivation for
the echo case in Ref. 42, where the semiclassical nature
of the solution is discussed).
IV. QUANTIFICATION OF ENTANGLEMENT
OF TWO SPINS
We assume that the two qubits are intialized in one
of Bell states, |Φ±〉=(|↑↑〉 ± |↓↓〉)/
√
2 or |Ψ±〉=(|↑↓〉 ±
|↓↑〉)/√2, or in a Werner state:
ρˆW =
1− p
4
1+ p |Ψ−〉 〈Ψ−| , (53)
where p∈ [0, 1] can be interpreted as the probability that
the entangled |Ψ−〉 state was indeed prepared. This state
represents the simplest example of an imperfectly pre-
pared entangled (for p > 1/3) state of two qubits. We
will also see that under the influence of the nuclear bath,
a Bell state evolves into a Werner-like state (with addi-
tionally decreased coherence) at long times.
Due to the interaction with the environment, even if
the initialized two-electron state is pure, the reduced den-
sity matrix of the electron spins will become mixed as
time progresses. In order to quantify the amount of en-
tanglement in a mixed state of two qubits, many mea-
sures can be adopted.23,107 The most commonly used one
is concurrence,70 C(t) =C(ρˆ(t)) ∈ [0, 1] (where 0 means
that the state is separable, and 1 means that the state is
maximally entangled), which is given by
C(t) = max(0,
√
λ1 −
√
λ2 −
√
λ3 −
√
λ4) , (54)
where λi are eigenvalues of ρˆ(t)(σˆy ⊗ σˆy)ρˆ∗(t)(σˆy ⊗ σˆy)
sorted in descending order. According to discussion from
Secs. III A and III B, a state initially having the X form
(e.g. one of the Bell states, or the Werner state) maintains
this form during the evolution, so it is useful to note that
for X-states we have:108
C = 2max(0, |ρ14| − √ρ22ρ33, |ρ23| − √ρ11ρ44) , (55)
where ρij are the matrix elements (in the standard
|σAσB〉 basis) of ρˆ(t) (for a basis-independent expression
for C(t) involving expectation values of spherical tensor
operators see Ref. 109).
Let us note now that when considering the initial Bell
state at very high magnetic fields, at which only pure
dephasing occurs, we simply have C(t)≈2|ρab(t)|, where
ρab(t) is the initially non-zero coherence. In the con-
sidered here case of uncoupled qubits the calculation
of entanglement decay amounts then to multiplication
of known high-field results for single-qubit decoherence.
Here we focus mostly on low and moderate B fields, at
which C(t) exhibits features not present in single-qubit
coherence decay.
Comparing the theoretical predictions for C(t) with
experiment requires performing a full tomographic re-
construction of ρˆ(t) (see e.g. Ref. 14 for experimental ex-
ample with DQDs, and Ref. 110 for theoretical proposal
of tomography scheme for DQDs taking into account the
limitations specific to experiments on gated QDs). Since
the two-qubit tomography requires at least 15 different
measurement settings, simpler ways to quantify entan-
glement are clearly of interest, even if they apply only
to certain kinds of entangled states. For example, en-
tanglement witnesses72 are observables which have nega-
tive expectation value only when the state is entangled.
Note that not every entangled state is detected by a given
witness, and in fact the most natural construction of a
witness begins with assuming certain form of a mixed en-
tangled state which one aims to detect.71 For electrically
controlled DQDs, the projection on a singlet state, PˆS ,
is a natural two-qubit measurement operator,1 and con-
sequently we have a witness wˆS≡1/2− PˆS . It should be
noted that a decay of an entangled two-spin singlet state
in a DQD was monitored through observation of 〈PˆS(t)〉
in the first paper on coherent control of singlet-triplet
qubit.6 Witnesses corresponding to other Bell states can
be obtained by first subjecting the two qubits to gate
operations converting a given Bell state into a singlet.
The presence of a specific kind of entanglement can
also be verified by using the given state to perform a
certain task and achieving a result which is proven to
be impossible to obtain using separable states. For two
qubits, a natural example of such a task is quantum
teleportation.73–76 With an entangled state ρˆAB of spins
A and B (located in possibly distant QDs) established,
and with a third dot C located close to dot A (in order to
allow for two-qubit operations on A and C), a quantum
state of spin C can be imprinted on spin B with the use
of two-qubit gate on A and C, and with single-qubit op-
11
erations and projective measurements. We assume that
a Bell states of spins A and B is initialized, and then
at a later time t a pure state |φC〉 is created, and tele-
portation protocol is carried out on timescale negligible
compared to timescales of qubits’ dynamics. Assuming
that all the gate operations are error-free, the fidelity of
the state teleported at time t,
Fφ(t) = 〈φC |TrA
(
ρˆAB(t)
) |φC〉 , (56)
is determined by the density matrix ρˆAB(t) at the mo-
ment of teleportation. The key observation111,112 is that
the fidelity averaged over all |φC〉 states, F¯ (t), cannot
exceed 2/3 for separable ρˆAB(t), and consequently, the
observation of F¯ > 2/3 is a proof of entanglement of
spins A and B. This procedure of entanglement veri-
fication becomes practical when one realizes that instead
of averaging over all the |φC〉 states, it is in fact enough
to average over six mutually unbiased basis states,76,113
e.g. |±X〉, |±Y 〉, |±Z〉.
V. ENTANGLEMENT DYNAMICS DUE TO
COUPLING TO THERMAL AND PARTIALLY
NARROWED BATHS
When the experimental situation corresponds to aver-
aging of free evolution of qubits over the thermal equi-
librium (or partially narrowed) nuclear density matrices,
we can, as discussed in Sec. II C, use the QSBA as long as
we do not consider evolution times much longer than T ∗2 .
This means that we can simply use the UC approach
from Sec. III C. The UC solution for free evolution of
a spin interacting with a thermal nuclear bath is well
known,32,114 and we include it for the sake of complete-
ness in Appendix A, where closed expressions for Kσσ
′
a
and Kσb are given.
For magnetic fields corresponding to Ω ≫ σh, deco-
herence has mostly the character of pure dephasing: as
shown in Appendix A, for large bath (i.e. for large N)
and at times t≪Ω/σ2h we have
KQ,σσ¯a (t) ≈ e−iσΩQt exp
(
− (t/T ∗2,Q)2
)
, (57)
where Q labels the A and B qubits. This is a result that
can be easily derived by completely neglecting the Vˆff op-
erator and performing a Gaussian average over static hz
fields.24 The Kσb functions are then strongly suppressed
by large Ω, and consequently Kσσa =1−K σ¯b ≈1. The ex-
act form of the transient dynamics of Kσb matters little
for Ω≫ σh, but it is important to note that at t > T ∗2,Q
we obtain
KQ,σb (t > T
∗
2,Q) ≈
σ2Q
Ω2
=
2
(ΩT ∗2,Q)
2
≡ 2
Ω˜2Q
, (58)
where Ω˜Q
.
=ΩT ∗2,Q is the dimensionless Zeeman splitting
of electron in dot Q, see Appendix A for derivation of
this formula.
 0
 0.5
 1
 0  1  2  3
co
n
cu
rr
en
ce
t~
Ω~ = 0 
Ω~ = 5 
Ω~ = ∞
NA=NB=1000
co
n
cu
rr
en
ce
 
 
 
co
n
cu
rr
en
ce
   
   
   
NA=2NB=1000
 0
 1
 2
 0  5  10  15  20
t~ D
Ω~
Bell state
Eq. (64)
Werner state
FIG. 1. (Color online) Concurrence decay for two spins in-
teracting with uncorrelated thermal baths. The spins are ini-
tially in one of the Bell states, and the dynamics of their
reduced density matrix is calculated using the UC approach.
Time is in units of two-spin T ∗2 defined in Eq. (60), and the
dimensionless Zeeman splitting is Ω˜
.
= ΩT ∗2 . The result for
Ω˜=∞ (which in fact is a value large enough for the changes
in C(t˜) upon increasing it to be invisible in the Figure) is
the same as the result of calculation using the pure dephasing
approximation from Eq. (57). Lines and symbols correspond
to two distinct sets of NA and NB . The agreement of the
results corresponding to the same values of Ω˜ illustrates the
universal character of the C(t˜) behavior. Black lines show
results for the initial Werner state with p=3/4. In the inset
we show the dependence of the ESD time t˜D
.
= tD/T
∗
2 on Ω˜:
blue solid line is the exact result for Bell states, dashed line
is the approximate large-field result from Eq. (64), and black
solid line is the exact result for Werner state with p=3/4.
Using Eq. (55) we immediately see that at high fields
for Bell states we have C(t) ≈ 2|ρab(t)| (where ρab(t) is
the non-zero coherence present in a given Bell state) up
to entanglement sudden death time tD at which |ρab|=√
ρccρdd (where all the indices a, b, c, d are distinct):
C(t < tD) ≈ exp
(
−
(
t
T ∗2
)2)
, (59)
where the two-dot T ∗2 time is given by
1
(T ∗2 )
2
=
1
(T ∗2,A)
2
+
1
(T ∗2,B)
2
. (60)
In order to obtain tD we have to look at the diagonal
elements of ρˆ(t) which initially were equal to zero. In high
fields, Ω˜Q > 1, for long times, t > T
∗
2 , using Eqs. (29)
and (58) and assuming that the initial state was |Φ±〉
12
(analogous reasoning applies to any Bell state), we have
ρ22(t) = K
A,++
a K
B,−
b ρ11(0) +K
A,+
b K
B,−−
a ρ44(0) ,
=
1
2
((
1−KA,−b
)
KB,−b +K
A,+
b
(
1−KB,+b
))
,
≈ 1
Ω˜2A
+
1
Ω˜2B
. (61)
The same equation holds for ρ33(t), and solving for
|ρ14(tD)| =
√
ρ22(tD)ρ33(tD), where for ρ14(t) =
KA,+−a K
B,+−
a we use high-field approximation, Eq. (57),
and assuming ΩA=ΩB=Ω we obtain
tD = T
∗
2
√
2 lnΩT ∗2 /
√
2 . (62)
We see now that if we introduce dimensionless qubit split-
ting Ω˜
.
=ΩT ∗2 , and dimensionless time t˜
.
= t/T ∗2 , the ex-
pressions for both the concurrence and the ESD time
become
C(t < tD) ≈ e−t˜
2
, (63)
t˜D =
√
2 ln Ω˜/
√
2 . (64)
Above discussion suggests that this universality is ex-
pected at Ω˜ ≫ 1, but the numerical calculations with-
ing the UC model show that it holds at all magnetic
fields, with N≫1 being the only requirement. In Fig. 1
we present the results for C(t˜) at Ω˜ = 0, 5, and ∞ (in
practice a value large enough so that increasing it does
not change the result in a visible manner), calculated us-
ing either symmetric (NA=NB) or strongly asymmetric
(NA = 2NB) dots. While only the large-Ω˜ result is in
quantitative agreement with Eq. (63), the fact that C(t˜)
depends only on Ω˜ is true for any Ω˜. As shown in Fig. 1,
for Ω˜. 1 the concurrence has an oscillatory component
which related to oscillations of Kσb functions with fre-
quency ∼ Ω˜ (and their appreciable amplitude at such low
fields), which lead to oscillations of the diagonal elements
of the two-qubit density matrix. It is also worth noting
that at these low fields the sudden death is a visible effect,
i.e. there is an appreciable discontinuity of derivative of
C(t) at the time at which the concurrence becomes zero.
The dependence of t˜D on Ω˜ is shown in the inset of Fig. 1.
The results for C(t) and tD(Ω) in the thermal bath case
were previously obtained in Ref. 80, where it was sug-
gested that a measurement of tD can be used for sens-
ing of small magnetic fields, while in Refs. 115 and 116
the possible significance of entanglement dynamics for
the operation of chemical magnetometers was discussed.
Here, we have shown that t˜D
.
= tD/T
∗
2 is a function of
Ω˜
.
= ΩT ∗2 only. With this insight it is clear that any
pair of QDs (even two dots of very different sizes) can
be used for such a magnetometry scheme. The high-field
measurement of C(t) decay allows for calibration of units
(i.e. it gives the value of T ∗2 ), and then t˜D is a universal
function of Ω˜.
It should be noted that in recent experiments13 on
DQDs, in order to separately address each of the qubits
(i.e. perform the single-qubit unitary operations using
a.c. magnetic field), the qubits were exposed to a mag-
netic field gradient, resulting in ΩA being slightly differ-
ent from ΩB. Writing ΩA=Ω and ΩB =(1 + η)Ω, with
η≪1, we can repeat the above derivation for Ω≫ 1, and
obtain the first-order correction to formula (64), which
we write as t˜D ≈ t˜0 + δt˜ with
δt˜ = −η (T
∗
2,B)
2
(T ∗2,A)
2 + (T ∗2,B)
2
1
t˜0
, (65)
where t˜0 corresponds to t˜D for ΩA=ΩB, i.e. to the value
from Eq. (62).
A different behavior of t˜D arises in the case of initial
Werner state from Eq. (53). Using Eq. (29) we obtain
(retaining only terms of leading order in 1/Ω˜2) the t˜>1
values of ρ11 = ρ44 ≈ (1 − p)/4 + p2/Ω˜2, which together
with |ρ23|≈ p2e−t˜
2
lead to
t˜D,W =
√√√√ln
[(
1− p
2p
+
2
Ω˜2
)−1]
, (66)
which at large fields, Ω˜ ≫ 2
√
p/(1− p), gives an Ω˜-
independent result, t˜D,W ≈
√
ln(2p/(1− p)), visible in
the inset of Fig. 1 (see also Ref. 117 for an analogous re-
sult obtained for superconducting qubits exposed to 1/f
phase noise).
Finally, let us underline the basic features of the mixed
ρˆ(t) state. The main effect of the nuclear bath is the de-
phasing of coherences, and the secondary effect at finite
magnetic field is a partial redistribution of populations.
For an initial Bell state this redistribution increases both
initially zero populations by the same amount, and the
resulting ρˆ(t) state is a Werner-like state: the initial co-
herence is suppressed, while a fraction of 1 state is ad-
mixed. This is a general feature of hf-induced dynamics
of two-qubit density matrix, which holds for results pre-
sented in subsequent sections.
VI. ENTANGLEMENT DYNAMICS DUE TO
COUPLING TO NUCLEAR BATHS IN A
STRONGLY NARROWED STATE
Now we focus on baths in a strongly narrowed state of
the nuclear baths, described either by Eqs. (10) and (11)
for uncorrelated baths, or by Eq. (12) for correlated baths
in a DQD. These two cases are considered in Secs. VIA
and VIB, respectively. The fluctuations of hzQ are as-
sumed to be constrained to such a degree that the dephas-
ing due to averaging over a quasistatic spread of hzA,B
becomes irrelevant, and other processes (related to aver-
aging over transverse components of Overhauser fields)
have to be taken into account. We thus take σn (the
width of relevant distribution of hzQ or ∆h
z .= hzA − hzB)
13
to be so small that the timescale 1/σn is much longer
than the timescales of decay obtained in what follows.
A. Each bath narrowed separately
The calculation of free evolution is performed exactly
as in the previous Section, only with the Ka/b(t) evolu-
tion functions calculated assuming a narrowed state in
each of the QDs (see Appendix A). For the discussion
of the main features of the results we use approximate
expressions, valid for ΩQ≫σQ, where ΩQ .=Ω+hzQ is the
total spin splitting in the dot Q (note that spin splitting
due to the external B field is again assumed to be the
same in both QDs). For ΩQ≫σh and on timescales dis-
cussed in Appendix A, for hzQ=0 we obtain the smooth
coherence decay
KQ,+−a,p=0 (t) ≈
e−iΩQt
1 + it/τQ
= e−iΩQt
e−i arctan t/τQ√
1 + (t/τQ)2
, (67)
where
τQ =
4NQΩQ
A2 =
1
2
ΩQ(T
∗
2,Q)
2 . (68)
The characteristic decay time τQ depends now on ΩQ,
since the influence of transverse Overhauser fields dimin-
ishes with increasing qubit splitting.
These results were also obtained using the RDT,38,39
and they can also be derived by performing a classi-
cal average over the transverse components of the Over-
hauser field.18,46 The derivation of this approximate for-
mula from the exact UC solution was sketched in Ref. 43.
For finite bath polarization and for t ≪ NQ/A we
have44
KQ,+−a,p (t) ≈ e−iΩQt
pQ
pQ cos(
2Jpt
τQ
) + ip2Q,⊥ sin(
2Jpt
τQ
)
,
(69)
where J is the nuclear spin (with all the nuclei assumed
to have the same J), pQ∈ [0, 1] is the nuclear polarization,
and p2Q,⊥= J + 1 − 〈(Jz)2〉/J . Note that for pQ=0 we
have p2⊥=J(J + 1)/3, and the pQ → 0 limit of Eq. (69)
gives Eq. (67).
In the UC solution the above decay functions are mod-
ulated by oscillations (with frequency ≈ Ω˜Q) of ampli-
tude ≈8/Ω˜2Q, which vanish only for t≫τQ (see Appendix
A). At low Ω˜Q the evolution of diagonal elements of the
density matrix is determined by Kσb,Q functions, which
also exhibit similar oscillations with amplitude ≈ 4/Ω˜2Q,
and only for t ≫ τQ these oscillations dephase and we
have Kσb,Q ≈ 2/Ω˜2Q. These effects can be seen in Fig. 2,
where results for concurrence decay of Bell states at zero
bath polarization are shown. At low Ω˜ these oscillations
lead to pronounced effects of entanglement death and re-
vival – see the result for Ω˜ = 1.8 for most prominent
demonstration. At higher fields they manifest only as a
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FIG. 2. (Color online) Concurrence decay for two electron
spins initialized in one of the Bell states interacting with two
separate uncorrelated baths in narrowed states (each bath
has hzQ = 0). The calculations are performed using the UC
approach (so that hzQ=0 corresponds to mQ=0). Time is in
units of two-spin T ∗2 defined in Eq. (60), and the dimensionless
Zeeman splitting is Ω˜
.
= ΩT ∗2 . Solid lines correspond to the
case of two identical QDs (NA = NB = 1000), dashed lines
correspond to the case of two strongly assymetric QDs (NA=
2NB=1000), symbols correspond to the case of two identical
QDs consisting of realistic number of nuclear spins (NA =
NB=10
6), and the dotted line is the calculation in the pure
dephasing approximation using Eq. (67) for Ω˜ = 10. Note
that symbols are in full agreement with solid lines, i.e. the
results for two identical QDs are independent of the sizes of
these QDs in the domain of applicability fo the UC approach.
Dashed lines are very close to the solid ones (the difference
between the two is most visible for Ω˜=5) showing that results
obtained for QDs of different sizes, are very similar one to
another when expressed in the dimensionless units used here.
saw-tooth pattern of Ω˜ dependence of the final ESD time,
shown in Fig. 3.
Following the line of reasoning given in the previous
Section, we can also derive approximate analytical formu-
las for ESD time at large magnetic fields. Since their ex-
act forms are much less compact than previously, we only
note that at large B field we have tD∝B2 for the initial
state being one of the Bell states, and tD∝B
√
p/(1− p)
for the initial state being a Werner state. These asymp-
totic formulas are confirmed by numerical results shown
in Fig. 3.
Finally, let us comment on the fact that in the Fig-
ures we are still using the “universal” units of Ω˜ and
t˜ introduced in the previous Section. A quick look at
the formulas for Kσσ¯a given above shows than in the
fully narrowed case we cannot expect the results for all
pairs of dots (e.g. having NA 6= NB) to collapse on the
same curve when using these units. However, we still
use them, in order to allow for easy comparison with the
results shown previously (and in order to underline the
coherence-enhancing effect brought by nuclear bath nar-
rowing). Note also that at short times (when C(t˜)≈ 1),
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FIG. 3. (Color online) Time of final entanglement death for
Bell states (the results are the same for all the states) and
Werner states (see Eq. (53)) with p=2/3 and 3/4. The nu-
clear baths for the two dots are uncorrelated, and each is
narrowed to the state of hz = 0. Calculation is done within
the UC model with NA=NB=10
5. Time is in units of two-
spin T ∗2 defined in Eq. (60), and the dimensionless Zeeman
splitting is Ω˜
.
=ΩT ∗2 .
for Ω˜A=Ω˜B we have C(t˜) ≈ 1−2t˜2/Ω˜2. At longer times,
no universality of results for dots with T ∗2,A 6=T ∗2,B strictly
speaking exists. Note however the results shown in the
figures are in fact quite representative for pairs of QDs
having somewhat different parameters, as proven by the
almost complete indistinguishability of solid (NA=NB)
and dashed (NA=2NB) lines in Fig 2.
B. Narrowing of the Overhauser field gradient –
the case of correlated baths
When using the correlated state of baths described by
Eq. (12), the first thing worth noticing is the major dif-
ference in decoherence of |Φ±〉 and |Ψ±〉 states in this
situation. For the former, the averaging over quasistatic
values of hzA and h
z
B (denoted by 〈..〉z) gives
ρ++,−−(t) ∝ 〈exp
(− i(hzA + hzB)t)〉z ∝ exp(− (t/T ∗2 )2) ,
(70)
where T ∗2 is given by Eq. (60). While the difference
of hzA and h
z
B has diminished fluctuations, the distri-
bution of each of hzA,B is essentially the same as for
the thermal bath (with exception of the case of max-
imal ∆hz corresponding to two baths fully polarized
in opposite directions). On the other hand, the |Ψ±〉
states are now unaffected by inhomogeneous broadening,
since under averaging over hzA,B we have ρ+−,−+(t) ∝
〈exp(−i∆hzt)〉z = exp(−i∆hzt), and this coherence de-
cays then only due to the influence of the transverse
components of the Overhauser fields. All this basi-
cally amounts to noticing that the |Ψ±〉 states form a
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FIG. 4. (Color online) Decay of concurrence of |Φ±〉 and |Ψ±〉
Bell states interacting with correlated nuclear baths in a state
of strongly narrowed distribution of ∆hz
.
=hzA − h
z
B (taken to
be ∆hz =0 here). Calculations are performed using the UC
approach. The |Φ±〉 states (solid lines) decay just like in the
thermal bath case (compare with Fig. 1), while the decay of
|Ψ±〉 states (dashed lines) is very similar to the decay observed
in the case of separate narrowing of each of the nuclear baths
(compare with Fig. 2), only the fast oscillations of C(t) are
absent for t&T ∗2 . Time is in units of two-spin T
∗
2 defined in
Eq. (60), and the dimensionless Zeeman splitting is Ω˜
.
=ΩT ∗2 .
decoherence-free subspace109,118,119 with respect to cor-
related pure-dephasing noise.
The above observations are illustrated in Fig. 4, where
calculations of concurrence obtained in the UC approach
using Eqs. (19) and (47) for all the Bell states are shown
for ∆hz=0. The entanglement of |Φ±〉 states decays as
in Fig. 1, while the overall shape of C(t˜) dependence for
|Ψ±〉 states is in fact very similar to the one from Fig. 2.
The relation between the correlated bath results and
the case of uncorrelated baths can be most easily un-
derstood when Ω ≫ σh. Then, up to the ESD time,
the concurrence for Bell states is approximately propor-
tional to the relevant coherence, which can be related
to functions KQ,σσ¯a,pQ (where pQ ∈ [−1, 1] is the polariza-
tion of the dot Q) describing single-spin coherence decay.
With |Ψ±〉 states as example, using Eq. (13), and defin-
ing ∆p
.
=pA − pB=∆hz/AJ , we have
ρ+−,−+(t)
ρ+−,−+(0)
=
∑
pA
w(pA; ∆p)K
A,+−
a,pA (t)K
B,−+
a,pB=pA−∆p
(t) ,
(71)
where the KQ,σσ¯a,pQ are the single-dot dephasing functions,
i.e. the relevant two-spin coherence is an appropriately
weighted average over results of calculations assuming
uncorrelated baths. The qualitative properties of this
expression are most easily seen in the UC approxima-
tion. Using the notation from Eqs. (12) and (13) we
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FIG. 5. (Color online) Typical distributions of normalized
weights for individual (mA,mB)-pairs for two nuclear spin
baths in correlated state ∆hz
.
= hzA−h
z
B ⇔ ∆p
.
= pA−pB =
∆hz
AJ
⇒mB=(mA/NAJ −∆p)NBJ in the case of two identi-
cal QDs (open symbols) and in the case of two strongly asym-
metric QDs (filled symbols). According to the formula given
in the main text, the maximum of the distribution occurs at
m¯A =∆pNANBJ/(NA + NB), which for ∆p= 0.4 gives 100
(66 2
3
≈ 67) for symmetric (asymmetric) QDs and parameters
used here. The normalization is
∑
mA
w(mA;∆m) = 1.
have MQ(pQ)=
∑
jQ≥|JNQpQ|
njQ and
w(pA; ∆p) =
MA(pA)MB(pB=pA−∆p)∑
pA
MA(pA)MB(pB=pA−∆p) . (72)
The behavior of the expression (71) is then determined
by the fact that according to an approximate formula
(A11) the degeneracy factors njQ ∼ jQ exp(−2j2Q/N) de-
crease very rapidly with jQ for jQ ≫
√
NQ/2. Con-
sequently, the weights from Eq. (72) are maximized
when pA = ∆pNB/(NA + NB)
.
= p¯A (to which pB =
−∆pNA/(NA + NB) .= p¯B corresponds). This is illus-
trated in Fig. 5, where w(mA; ∆m) with mA=pANAJ is
plotted. While the narrowed bath states corresponding
to these p¯Q have dominant influence on the coherence
decay, in Eq. (71) we still sum over a set of states with
pQ close to these values. This summation leads to av-
eraging out (on timescale of ∼T ∗2 ) of fast oscillations of
the NFID coherence signal discussed previously. Conse-
quently, the best approximation for the coherence (and
entanglement) decay is given by
ρ+−,−+(t)
ρ+−,−+(0)
≈ KA,+−a,p¯A (t)KB,−+a,p¯B (t) , (73)
where KQ,σσ¯a,p¯Q are the oscillation-free functions from
Eq. (69). Note also that while the simplicity of this
derivation relied on assuming that the relevant mQ ≫√
NQ/2, it is easy to check that for ∆p= 0 Eq. (71) is
dominated by mQ .
√
NQ, so that we can approximate
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FIG. 6. (Color online) Concurrence decay for two electron
spins interacting with two uncorrelated and correlated baths
in narrowed states. The spins are initially in |Ψ+〉 or |Ψ−〉
Bell state and the dynamics of their reduced density matrix is
calculated using the UC approach. Dashed lines correspond
to the case of separately narrowed baths (calculated for bath
sizes NA = NB = 10
5), while solid lines correspond to the
case of correlated state of the baths (calculated for bath sizes
NA = NB = 1000) with ∆h
z = 0. Time is in units of two-
spin T ∗2 defined in Eq. (60), and the dimensionless Zeeman
splitting is Ω˜
.
=ΩT ∗2 .
the decay function by a product of two zero-polarization
single-dot Kσσ¯a functions from Eq. (67).
The above derivation explains the similarity of the en-
tanglement decay between Fig. 2 and Fig. 4, illustrated
in Fig. 6, in which the full UC calculation for correlated
baths (with ∆hz=0) is compared with an UC calculation
assuming uncorrelated baths, each narrowed to hzQ = 0.
Figure 7 contains further examples of the accuracy of
Eq. (73) in the case of correlated state with non-zero
∆hz.
VII. ENTANGLEMENT ECHO
Spin echo protocol leads to a very efficient recovery
of single-qubit coherence6,56,58 because of quasistatic na-
ture of dephasing caused by a thermal nuclear bath. For
electron spins in gated QDs, it is now well established
that at low B fields (when the time scale of t <N/A is
of interest) the dynamics of the echo signal is caused by
nuclear Larmor precession, and the presence of distinct
nuclear species with ωα 6= ωβ is crucial38,39,41,42,58 for
times larger than 1/ωαβ (where ωαβ
.
=ωα − ωβ).
The same degree of efficiency is expected when we ap-
ply the echo procedure to two entangled qubits, especially
when Ω≫σh, so that the influence of the nuclear baths
amounts mostly to pure dephasing. For a single spin, the
echo is refocusing the coherence of superpositions of Sˆz
with pi pulse about x or y axis – both these pulses lead
to exchange of amplitudes between |+〉 and |−〉 states.120
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FIG. 7. (Color online) Normalized absolute values of single-
qubit and two-qubit coherences (for initial |Ψ±〉 state) cal-
culated for two dots with NA = NB = 1000 in fields Ω˜ = 3
(in blue) and Ω˜ = 20 (in red). Dashed and dot-dashed lines
correspond to coherences of qubits A and B, respectively, cal-
culated using Eq. (69) assuming pA=0.2 and pB=−0.2. Since
hzQ is enhancing (suppresing) the total qubit splitting for dot
A (B), the decays of these coherences are visibly distinct, es-
pecially for lower value of external field. Solid lines correspond
to the absolute value of K+−,−+(t) = K
A,+−
a (t) K
B,−+
a (t)
function from Eq. (73), i.e. the two-qubit coherence ρ+−,−+(t)
calculated assuming uncorrelated narrowed baths. Symbols
correspond to the absolute value of ρ+−,−+(t) calculated with
the UC approach for correlated baths narrowed to ∆p=0.4.
The agreement of the latter with the solid lines is very good
for t˜&1 (at shorter times the UC solution exhibits oscillations,
see solid lines in Fig. 6).
The recovery of coherence of superpositions of two-qubit
states can be done in two distinct ways. When dealing
with |Ψ±〉 Bell states, we can recover the ρ+−,−+ coher-
ence by using the two-qubit SWAP gate, and this method
was in fact used to protect the |Ψ−〉 state in a DQD.6,58
This method is inefficient for |Φ±〉 states, which are in-
variant under the SWAP operation. One can however
try to recover the coherence of any of the Bell states
by simultaneous application of pix/y pulses to the two
qubits.14,15,121 This operation works in complete anal-
ogy to the single qubit echo: for every Bell state, the pi
pulses are exchanging the amplitudes of the two relevant
states.
The fact that the simultaneous application of two
single-qubit (i.e. local) operations can lead to recovery
of entanglement is quite intuitive when the interaction
is approximately of pure dephasing kind and the bath is
slow – such an echo procedure was recently used in ex-
periments on entanglement of spin qubits.14,15 At first
sight one could raise an objection that an application
of two local operations at time t= τ , when no entangle-
ment might be present among the two qubits (see Fig. 8),
leads to appearance of large entanglement at later time
t ≈ 2τ , apparently violating the paradigm that local op-
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FIG. 8. (Color online) Concurrence as a function of time
in the presence of echo pi pulse at t˜ = 4 for different values
of magnetic field, calculated for an initial Bell state. The
calculation is performed within the UC model assuming a
single nuclear species, on timescale of t ≪ ωα (so that the
values of ωα are irrelevant and in the calculation we put them
equal to zero). Note that for Ω˜ = 0 and 1 the entanglement
does not revive at the echo time of t˜ = 8. For larger Ω˜ the
entanglement is indeed revived by the echo procedure and its
peak value grows with increasing Ω˜. Inset: absolute value of
normalized two-qubit coherence vs entanglement at the time
of maximum of the echo signal as a function of Ω˜. At lowest
magnetic fields the amount of recovered coherence is not large
enough to lead to a recovery of entanglement.
erations and classical communication (LOCC) cannot in-
crease the amount of entanglement.23,60,107 However, one
has to remember that the LOCC paradigm rests on as-
sumption that the two-qubit evolution is described by a
completely positive (CP) map. For two qubits interacting
with a quasistatic pure dephasing bath, only the evolu-
tion starting from the point in time when the qubits are
uncorrelated with the baths, is in fact CP. The evolution
from t= τ onward is not CP, because the states of the
qubits and the environments at this time are correlated
(see Ref. 122 and references therein, and Ref. 123 for a
discussion focused on the case of echo), and this corre-
lation is in fact the reason for diminished entanglement
between the qubits at this moment. Taking the time of
initialization of two-qubit state as a reference point, the
echo procedure does not result in any increase of entan-
glement.
We focus then on the two-qubit echo performed with
synchronized single-qubit pi rotations. First let us look at
the regime of lowest magnetic fields, ΩQ.σh, and focus
on time scale of t≪ 1/ωαβ on which we can disregard
the existence of distinct ωα splittings of various nuclear
species. We can then use the single-species UC approach
to spin echo signal from Secs. III B and III C. In Fig. 8
we show the time-dependence of concurrence in a “real-
time” version of echo protocol: for t< τ1 =4T
∗
2 we show
the free evolution decay of entanglement, and for later
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FIG. 9. (Color online) Concurrence at the maximum of echo-
induced revival as a function of total echo sequence time for
various magnetic fields calculated using the UC approach.
The electron spins are initially in one of the Bell states and
interact with two separate baths consisting of a single nuclear
species.
 0
 0.5
 1
 0  2  4  6  8  10
co
n
cu
rr
en
ce
2τ   [µs]
FIG. 10. (Color online) Concurrence at the maximum of echo-
induced revival as a function of total echo sequence time for
GaAs QDs (with NA =NB = 10
6) at B field of 50, 100 and
200 mT (the amplitude of the oscillations and their apparent
period grows with decreasing B). Solid lines are results for
Bell states, while the dashed lines are results for a Werner
state with p=3/4.
times we show the evolution of C(t=τ1+ τ2) after appli-
cation of pi pulses at τ1. For large enough Ω˜ at τ2≈τ1 we
obtain a partial entanglement recovery. While the two-
qubit coherence is always partially recovered at the echo
time (see the inset of Fig. 8), the non-zero entanglement
reappears only above Ω˜≈1. This should not be surpris-
ing: for Ω˜ < 1 the diagonal elements of the two-qubit
density matrix are strongly perturbed, and partial recov-
ery of coherence might not be enough for entanglement
revival to occur (note that according to Eq. (55) for such
a revival to happen the echoed coherence needs to fulfill
|ρab| >√ρccρdd, where ρcc and ρdd are the occupations
created by bath-induced qubit dynamics).
In Fig. 9 we present a more customary plot of de-
pendence of peak echo amplitude on the total sequence
time 2τ˜ . In an effectively homonuclear system at higher
fields the entanglement exhibits initial partial visibility
loss of amplitude ∝ 1/Ω˜2 for Ω˜≫ 1, and then it stays
constant. If the nuclear bath was really homonuclear,
then at longer times a small-amplitude oscillation of C(t)
with frequency ω would appear, as in the single-spin echo
case.41 Then the entanglement would decay towards zero
at much longer times due to dipolar-induced bath dynam-
ics causing dephasing, as described in Sec. II C 2. This is
the well-known effect of echo sequence removing almost
all the influence of transverse Overhauser fields on qubits’
coherence when dealing with a homonuclear bath.29,41
In a III-V QDs the presence of multiple nuclear species
completely changes38,39,42,58 the echo signal for t >
1/ωαβ. Then, assuming only t≪N/A, we can use the
RDT (see Sec. III D) to calculate the coherence dynam-
ics due to presence of multiple nuclear species (each uni-
formly coupled to the electron). We take the single-qubit
Kσσ¯a (t) function from Refs. 38, 39, and 42:
Kσσ¯a (t) =

1 +∑
α>β
aαaβnαnβ
4A2αA2β
N2Ω2ω2αβ
sin4
ωαβt
4


−1
,
(74)
where aα
.
= 23Jα(Jα+1). Using these functions for realis-
tic parameters of GaAs quantum dots with NA= NB =
106 we obtain results for concurrence dynamics of Bell
and Werner states shown in Fig. 10. Since the RDT is
based on pure dephasing approximation, for an initial
Bell state there is no ESD, and apparent vanishing of en-
tanglement (see the line corresponding to the lowest B
field) is simply related to C(t) becoming very small (but
strictly speaking non-zero) for some periods of time. On
the other hand, when a Werner state is initialized, at low
enough B fields we see events of entanglement death and
revival (and also a diminished maximal value of entan-
glement at times of nearly-perfect returns of the signal).
VIII. PROJECTION ON A SINGLET AND
AVERAGE TELEPORTATION FIDELITY AS
WITNESSES OF DECAYING ENTANGLEMENT
We finally revisit the other methods of verifying the
existence, and quantifying the amount of entanglement,
which were introduced in Sec. IV: the measurement of
an entanglement witness related to projection on one of
the Bell states (say, singlet |Ψ−〉) and the measurement
of average quantum teleportation fidelity.
The effectiveness of both of these methods relies on
having some prior knowledge of the character of the
mixed entangled state ρˆ(t) at the time of employing them.
Let us then summarize what we have learned about the
general form of ρˆ(t), assuming that one of Bell states
18
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FIG. 11. (Color online) Concurrence C(t˜), projection on sin-
glet PS(t˜), and average fidelity of teleportation F¯ (t˜) for two
electron spins initially being in a singlet state |Ψ−〉 for the
case of interaction with two separate nuclear spin baths in
high-temperature states calculated using the UC approach at
Ω˜= 5. The vertical dotted line marks the time at which the
state becomes disentangled, while the horizontal dotted lines
at 0.5 and 2/3 correspond to values at which PS(t˜) and F¯ (t˜),
respectively, cease to indicate the presence of entanglement.
Time is in units of two-spin T ∗2 defined in Eq. (60), and the
dimensionless Zeeman splitting is Ω˜
.
=ΩT ∗2 .
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FIG. 12. (Color online) The same as above, only for narrowed
state of A and B baths (each having hzQ=0).
was initialized. The X form of the state is preserved
and furthermore only the initially non-zero coherence re-
mains finite when free evolution is considered (in the case
of spin echo this statement is only approximately true,
since the second coherence is in fact generated during
the evolution, but its magnitude is suppressed as 1/Ω˜2
at large fields). Initially zero occupations become finite,
of magnitude ∝1/Ω˜2, and their values are approximately
equal. The initially non-zero coherence is of course de-
caying due to the dominantly pure-dephasing influence
of the bath. As a result, the state ρˆ(t) is a Werner-like
state with diminished coherence,
ρˆ(t) ≈


1−p(t)
4 0 0 0
0 1+p(t)4 −|ρ23(t)|e−iγ(t) 0
0 −|ρ23(t)|eiγ(t) 1+p(t)4 0
0 0 0 1−p(t)4


(75)
where we assumed that the initial state was |Ψ−〉, p(t)≈
1−2(KAb (t)+KBb (t)) (we focus now on free evolution and
assume KQ,+b ≈KQ,−b ), and γ(t) is a possibly non-trivial
phase. The latter feature has not received any attention
until now, because the concurrence of the above state
depends only on the modulus of ρ23(t). In the above ex-
ample, for a thermal bath state and for the case of free
evolution we have γ(t)=(ΩA−ΩB)t, so that a non-trivial
phase appears when the two dots are in a magnetic field
gradient. In the case of narrowed baths, apart from the
fact that hzQ contribute now to ΩQ, we have a more non-
trivial effect. Even for hzQ=0 and no magnetic field gra-
dient, due to the presence of the phase term in Eq. (67)
we have γ(t) = arctan(t/τA) − arctan(t/τB), where τQ
given in Eq. (68) depends on the bath size NQ, leading
to non-trivial phase dynamics in the case of non-identical
QDs. Analogous considerations for initial |Φ±〉 state give
us γ(t) = ΩA + ΩB in the thermal bath case, so that a
fast phase dynamics is always present for these states at
finite magnetic field. Note that γ=0 when two-spin echo
protocol is employed.
For γ = 0, the witness proposed in Sec. IV, wˆS = 1 −
PˆS , is in fact an optimal one,
71 since it always detects
entanglement when it is present (see also discussion of
this fact specific to the maximally mixed bath case in
Ref. 80).
In fact it is trivial to check that 〈wˆS〉 = − 12C(t).
In the following we will focus on the expectation value
PS(t) = Tr
(
ρˆ(t)PˆS
)
remembering that PS(t) > 1/2 sig-
nifies entanglement. However, for γ(t) 6= 0, PS(t)< 1/2
does not mean that the state is necessarily separable.
We have PS(t) = |ρ23(t)| cos γ(t) + (p(t) + 1)/4, while
C(t)=max[2|ρ23(t)| − (1− p(t))/2, 0].
A similar situation arises when using average quantum
teleportation fidelity as an entanglement witness. With
the state initialized as |Ψ−〉 we perform the teleportation
protocol designed to work perfectly when ρˆ corresponds
to a pure state |Ψ−〉, and assuming only that ρˆ(t) is of the
X form we obtain the fidelity of teleportation of qubit C
in state α|+〉+ β|−〉:
Fα,β = 2|α|2|β|2(ρ11 − ρ22 − ρ33 + ρ44)− 4|α|2|β|2Reρ23
+ ρ22 + ρ33 − 4Re
(
α2(β∗)2
)
Reρ14. (76)
Using now the A and B qubits described by density ma-
trix ρˆ(t) from Eq. (75) we obtain
Fα,β(t) = −2p(t)|αβ|2 + 4|αβ|2|ρ23(t)| cos γ(t) + 1 + p(t)
2
.
(77)
19
 0
 0.5
 1
 0  1  2  3
t~
C       
P|Φ+ >
F−       
NA=NB=1000
Ω~ = 10
2/3
FIG. 13. (Color online) Concurrence C(t˜), projection on |Φ+〉
Bell state P|Φ+〉(t˜), and average fidelity of teleportation F¯ (t˜)
for two electron spins initially being in |Φ+〉 state for the case
of interaction with two separate nuclear spin baths in thermal
states calculated using the UC approach for Ω˜=10.
Note that the fidelity teleportation of basis states, |+〉
and |−〉, does not depend on the presence of coherence,
and it is simply equal to (1 + p)/2. When the initialized
state is a Werner state, measuring the fidelity of telepor-
tation of one of the basis states immediately after the
initialization gives us the value of p.
The fidelity averaged over the teleported states is
F¯ (t) =
2
3
|ρ23(t)| cos γ(t) + 1
2
+
p(t)
6
. (78)
When γ=0, we have F¯ (t) = C(t)/3 + 2/3, so that when
F¯ =2/3 the ρˆ(t) state becomes separable. For non-zero
γ(t) the average fidelity oscillates between 1/3 and 1.
Note that F¯ < 1/2 means that the teleported state is
anticorrelated with the desired state, which is a clear
sign of using the wrong assumption about the ρˆ(t) state
(i.e. using a wrong teleportation protocol).
The time-dependence of both PS(t˜) and F¯ (t˜) in the
case of γ = 0 is shown for thermal and narrowed bath
states in Figs. 11 and 12, respectively. It is clear that
these quantities contain the same information as the con-
currence. Note that the result for PS(t˜) from Fig. 11 cor-
responds to moderate magnetic field (Ω˜ = 5), so that it
lies between the limits of Ω˜≪ 1 and Ω˜≫ 1 investigated
experimentally and theoretically in Ref. 6.
An example of the effects of γ(t) 6=0 is shown in Fig. 13,
in which the entanglement decay of |Φ+〉 state is shown.
The calculations of P|Φ+〉(t) and F¯ (t) obtained with the
teleportation protocol assuming that |Φ+〉 state is the en-
tangled resource, are analogous to the ones given above
for |Ψ−〉 state. Both of these quatities are exhibiting
oscillations, and only after fitting an envelope to these
signals one can obtain the amount of entanglement at
given time. Of course, when γ(t) is known, one can ei-
ther employ an experimental procedure which results in
projection on (or teleportation with) a “correct” state,
but with this knowledge one can more easily obtain the
smooth decay curves by post-processing of the data.
IX. CONCLUSION
We have presented calculations of nuclear-bath-
induced entanglement dynamics of two uncoupled quan-
tum dot spin qubits initialized in a Bell-diagonal state.
We considered various experimentally relevant states of
the bath (including a correlated narrowed state corre-
sponding to a well-defined difference of hz components
of Overhauser fields in the two dots) for the cases of free
evolution of the qubits and of the two-qubit spin echo,
focusing on low and moderately-low magnetic fields, for
which the bath can affect the z component of the electron
spin.
The main results of the analysis presented in this paper
are the following. The influence of the bath (especially
at magnetic field B larger than the typical Overhauser
field) can be approximately described as leading to the
two-qubit state becoming Werner-like, i.e. becoming a
mixture of an initial Bell state subjected to pure dephas-
ing, and a completely mixed density matrix with weight
∝ 1/B2. The latter dynamically generated admixture
leads to appearance of entanglement sudden death at fi-
nite time (and possible revival at a later time) when ini-
tial Bell state is considered (as it was obtained in earlier
work focused on thermal state of the nuclei, Ref. 80). The
quantum channel describing the hf-induced disentangle-
ment can be thus roughly described as non-Markovian
phase damping channel with a small admixture of gen-
eralized amplitude damping23 corresponding to infinite-
temperature environment. For a correlated narrowed
state of two baths, we have shown that due to the fact
that the number of bath states corresponding to a given
nuclear polarization p rapidly diminished with increas-
ing p, the two-spin dynamics can be calculated assuming
an effectively uncorrelated state of the two baths, with
specific polarizations assigned to each of them.
Entanglement can be recovered using a two-spin echo
procedure,14,15 in which local operations (pi pulses) ap-
plied to two qubits lead to refocusing of the two-qubit
coherence and revival of entanglement. This procedure
fails at lowest magnetic fields (smaller and comparable
to the typical Overhauser field), at which the refocusing
of coherence cannot turn the Werner-like separable state
into an entangled one.
Finally, we have shown that hyperfine-induced entan-
glement decay of Bell states can be detected and quanti-
fied without performing the two-qubit tomography. The
entanglement (measured by concurrence) can be faith-
fully reconstructed from a measurement of a simple en-
tanglement witness related to projection on the initial
entangled state (see also Ref. 80) and from the measure-
ment of average quantum teleportation fidelity – for the
Werner-like state generated from the initial Bell state by
20
interaction with the nuclear bath, these two measure-
ments detect the presence of entanglement if and only if
it is indeed present.
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Appendix A: Analytical solutions in the uniform
coupling approximation
In the UC model the dynamics occurs in uncoupled
two-dimensional subspaces of |σ, j,m〉 and |σ¯, j,m+ σ〉
states (where σ=±1 is the σˆz eigenvalue for the electron
spin):
e−iHˆt |σ, j,m〉 ≡ ajmσ(t) |σ, j,m〉+bjmσ(t) |σ¯, j,m+ σ〉 .
(A1)
We define the quantities43
Emσ
.
=
1
2
(
(2m+ σ)ω −A/2N) , (A2)
xjmσ
.
= A
√
j(j + 1)−m(m+ σ)/N , (A3)
zmσ
.
= σ
(
Ω− ω +A(m+ σ/2)/N) , (A4)
vjmσ
.
=
√
x2jmσ + z
2
mσ , (A5)
using which we have
ajmσ(t)
.
= e−iEmσt
(
cos vjmσt/2− i zmσ
vjmσ
sin vjmσt/2
)
,
(A6)
bjmσ(t)
.
= −ie−iEmσtxjmσ
vjmσ
sin vjmσt/2 . (A7)
The evolution of an electron spin coupled to the nuclei
is then described by the functions Kσσ
′
a (t) and K
σ
b (t)
defined in Sec. III:
Kσσ
′
a (t) =
1
Z
∑
jm
njpmajmσ(t)a
∗
jmσ′ (t) , (A8)
Kσb (t) =
1
Z
∑
jm
njpm|bjmσ¯(t)|2 , (A9)
where Z is the normalization factor, pm are the appro-
priate weights, and nj are the degeneracies of subspaces
with given j. For a high-temperature bath of nuclear
spins J we have Z = (2J + 1)N and pm = 1, while for
fully narrowed nuclear state with hz =m0A/N we have
pm=δmm0 and Z=
∑
j≥|m0|
nj .
The degeneracy factor nj is given for nuclear bath con-
sisting of N spins 12 by
124
nj =
N !
(N/2− j)!)(N/2 + j)!
2j + 1
N/2 + j + 1
(A10)
≈ 2N 4(2j + 1)√
2piN3/2
e−2j
2/N , (A11)
where in the second expression we have assumed N≫ 1
and j≪N/2.
When the bath is in a high-temperature state, for Ω≫
σh ∼ A/
√
N we have
zjmσ
vjmσ
≈ σ
(
1− σ
2
h
2Ω2mσ
)
, (A12)
where Ωmσ
.
= Ω − ω + A(m + σ/2)/N ≈ Ω. The last
approximation follows from observation that according
to Eq. (A11) the sum in Eqs. (A8-A9) is dominated by
terms with j .
√
N , which also limits the relevant values
of m. We also approximate
vjmσ ≈ Ωmσ + A
2
2NΩmσ
, (A13)
where the second term can be dropped on timescale t≪
Ω/σ2h. As a result, we obtain
Kσσ¯a (t) ≈
e−iσΩt
2N
∑
jm
nje
−iσAmt/N ≈ e−iσΩte−(t/T∗2,Q)2 ,
(A14)
where we used the fact that the sum over j and m values
can be approximated24 by an integral
∫
P (m)dm with
P (m) ∝ exp(−m2/2σ2h) where σh is given in Eq. (9),
and the resulting single-dot T ∗2,Q time is given by
√
2/σh.
Note that a partial narrowing of the nuclear distribution
(i.e. removal of certain ranges ofm values from the sums),
resulting in a diminished value of σh, leads to the above
formula for Kσσ¯a (t), only with increased T
∗
2,Q, as long as
the timescale of interest t.T ∗2,Q≪Ω/σ2h.
In order to obtain an approximation for Kσb (t) in this
case we have to make an approximation (to the leading
order in σ2/Ω2),
x2jmσ
v2jmσ
≈ A
2
N2Ω2
(
j(j + 1)−m(m+ σ)) , (A15)
in Eq. (A7), giving
Kσb (t) ≈
1
2N
∑
j,m
nj
A2
N2Ω2
(
j(j+1)−m(m+σ)) sin2 vjmσt/2 .
(A16)
Using vjmσ ≈Ωmσ (valid at t≪T ∗2Ω/σ) we see that the
oscillatory terms in the above equation average out to
1/2 for t≫T ∗2 . At these long times, using the relation43
1
2N
∑
j,m
nj
(
j(j + 1)−m(m+ σ)) = N/2 , (A17)
21
we obtain
Kσb (t≫T ∗2,Q) ≈
A2
4NΩ2
=
2
Ω˜2Q
, (A18)
where Ω˜Q
.
=ΩT ∗2,Q.
Let us perform an analogous approximate analytical
analysis in the case of fully narrowed nuclear bath. Defin-
ing Ωm
.
=Ω− ω +Am/N we approximate now
zmσ ≈ σΩm , (A19)
zmσ
vjmσ
≈ sgn(Ωm)
(
1− x
2
jmσ
2Ω2m
)
, (A20)
xjmσ
vjmσ
≈ xjmσ|Ωm| , (A21)
which leads to
Kσσ¯a (t) ≈
e−iσωt
Zm
∑
j≥|m|
nje
− i
2
sgn(zmσ)(vjmσ+vjmσ¯)t
×
∏
σ=±
(
1 +
x2jmσ
4Ω2m
(eisgn(zmσ)vjmσt − 1)
)
. (A22)
In the above formula the terms in the second line are re-
sponsible for the fast oscillations visible in entanglement
decay signal in Fig. 2 (remember that concurrence of a
decohered Bell state, when not being very small, is pro-
portional to one of the two-qubit coherences, given by a
product of two Kσσ¯a (t) functions). A quick calculation
shows that the amplitude of these oscillations is ≈ 8/Ω˜2,
where Ω˜
.
= ΩT ∗2 , and the two-dot T
∗
2 time is defined in
Eq. (60).
The first term in Eq. (A22) gives the envelope of the
decay. Writing vjmσ≈|Ωm|+ x2jmσ/2|Ωm|, we arrive at
Kσσ¯a (t) ≈ e−iσ(Ω+Am/N)t
1
Zm
∑
j≥|m|
nj
exp
(
−iσ A
2
2N2Ωm
(
j(j + 1)−m2)t) . (A23)
In Ref. 43 it was shown how Eq. (67) follows from the
above formula when m=0. Note that with the above ap-
proximation for vjmσ , the timescale of validity of this
result is t ≪ 4|Ωm|3/x4jmσ ≈ 4(N/A) · (Ωm/A) · δ−2m ,
where δm
.
= A/√NΩm, and δm ≪ 1 is the necessary
condition39,41 for applicability of the effective Hamilto-
nian approximation leading to Eq. (67). This timescale
exceeds N/A (the time on which the box model is ex-
pected to be applicable at all) when δm ≪ (2/N)1/6,
which is not much more restrictive than δm ≪ 1 for
N≥106.
We can also derive an expression for Kσb (t) analogous
to the one from Eq. (A16). Due to the lack of sum-
mation over m the oscillations in Kσb (t) cancel out at
longer times, for t≫ τQ where τQ is the characteristic
decay timescale of Kσσ¯a (t) given in Eq. (68). The value
at which Kσb (t) saturates is also given by Eq. (A18), only
with Ω replaced by Ωm.
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